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This  paper  reports  the  results  of  a  rather  lengthy  and 
detailed  Investigation  of  some  problems  that  arise  In  the  defense 
of  targets  by  Interceptors  when  attacking  weapons  arrive  at  each 
target  sequentially.  For  some  time  there  has  existed  a  parti¬ 
cular  Interceptor  deployment,  generally  known,  as  the  Pvim-Read 
deployment,  that  equalizes  the  probabilities  that  each  of  a 
prescribed  number  p  of  attacking  weapons  actually  destroys  the 
target.  (See  the  discussion  of  related  research  In  Chapter  VIII.) 
The  parameter  p  Is  chosen  by  the  defending  side.  The  Prim-Read 
deployment  has  long  been  suspected  to  possess  (some  sort  of) 
optimality  properties  for  the  defending  side,  but  these  proper¬ 
ties  had  never  been  carefully  formulated  or  rigorously  estab¬ 
lished.  In  this  paper  we  fill  both  gaps,  at  least  partially. 

A  number  of  optimality  properties  are  formulated  and  shown  to 
be  satisfied,  In  many  cases  uniquely,  by  Prim-Read  deployments. 

We  also  present  extensive  discussions  of  the  physical  Interpre¬ 
tations  and  practical  implications  of  our  optimality  results. 

A.  THE  UNDERLYING  PHYSICAL  PROBLEM 

Let  us  begin  with  a  discussion  of  the  physical  real-world 
problem  that  has  motivated  essentially  all  work  on  Prim-Read 
deployments.  That  problem  Is  the  defense  of  point  targets 
against  attacking  ballistic  missiles  by  means  of  Interceptors, 
which  are  missiles  (ABMs)  themselves.  On  the  national  scale, 
one  Is  dealing  with  the  defense  of  a  nation's  entire  population 
and  industrial  capacity.  Because  of  the  defending  side's 
limited  interceptor  resources.  It  will  thus  be  Impossible  (In 
general)  to  defend  all  of  the  targets.  The  defending  side 
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must  choose  which  targets  to  defend  and,  for  each  defended  tar¬ 
get,  how  to  allocate  interceptors  assigned  there  among  incoming 
attacking  weapons,  all  in  a  manner  that  attempts  to  minimize 
some  measure  of  target  value  destroyed.  The  situation  is  further 
complicated  by  the  defending  side's  not  knowing  how  the  attacking 
side  will  allocate  its  weapons  among  the  targets  and  also  by  the 
possibility  that  the  attacking  side  may  be  able  to  discern  the 
interceptor  deployment  and  may  allocate  its  weapons  on  the  basis 
of  such  knowledge. 

Yet  another  complication  arises  If  attacking  weapons  arrive 
sequentially  in  time  at  each  target.  To  each  attacking  weapon 
there  must  be  assigned  some  of  the  interceptors  deployed  at  the 
target  and  this  assignment  must  be  made  without  knowledge  of 
how  many  additional  attacking  weapons  will  follow.  Such  assign¬ 
ments  could  therefore  be  prescribed  In  advance  of  any  attack  and 
the  defending  side  may  even  wish  to  allow  for  the  possibility  of 
their  being  known  to  the  attacking  side. 

Despite  all  the  difficulties  which  the  structure  described 
above  Imposes  on  the  defending  side,  we  shall  show  that  there 
exist  reasonable  and  in  some  cases  even  optimal  deployments 
that  can  be  undertaken.  Such  deployments  can  (1)  minimize  the 
expected  target  value  destroyed,  (2)  limit  the  use  which  the 
attacking  side  can  make  of  its  knowledge  of  the  deployment, 

(3)  limit  the  effects  of  rational  actions  available  to  the  at¬ 
tacking  side,  and  (4)  force  the  attacking  side  to  choose  actions 
known  to  the  defending  side.  That  Prim-Read  deployments  possess 
such  properties,  and  in  precisely  what  form,  is  established  In 
Chapters  III  through  VII  of  this  paper.  Often,  It  Is  only  Prim- 
Read  deployments  that  have  these  properties. 

We  have  not  yet  considered  in  detail  what  the  defending 
side’s  objective  should  be.  In  general,  that  objective  should 
be  to  make  optimal  use  of  limited  interceptor  resources  accord¬ 
ing  to  some  measure  of  target  value  destroyed.  As  discussed 
below  in  this  Chapter  and  at  some  length  in  Chapters  IV,  V  and 
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VI,  we  shall  deal  with  two  such  criteria;  target  value  destroyed 
and  target  value  destroyed  per  attacking  weapon  committed.  At 
the  moment,  however,  we  wish  to  consider  the  defending  side's 
objective  In  somewhat  more  general  (albeit  vaguer)  terms. 

Let  denote  the  payoff  function.  In  terms  of  target  value 
destroyed,  to  the  attacking  side  when  the  defending  side  Imple¬ 
ments  the  deployment  d  (a  precise  definition  of  a  deployment  Is 
unnecessary  at  this  point;  cf.  Chapter  II).  For  each  number  1 
of  attacking  weapons,  V^(i)  is  the  maximum  expected  target  value 
destroyed  by  1  attacking  weapons,  where  the  maximum  Is  over  all 
allocations  of  those  weapons  among  the  targets,  with  the  deploy¬ 
ment  d  held  fixed.  We  propose,  as  has  been  proposed  elsewhere, 
that  the  deployment  d  be  chosen  so  that  the  graph  of  Is  of  the 
form  shown  In  Figure  1.  That  is,  d  should  be  chosen  such  that 


l-ll'TI-ll 


Figure  1.  PROPOSED  FORM  OF  PAYOFF  FUNCTION 
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has  the  following  properties: 

1)  Vjj  is  continuous,  concave  and  Increasing  (the  latter,  of 
course,  is  unavoidable)] 

2)  There  is  some  1*  such  that  is  linear  on  the  Interval 

[0,l»]j 

^  3)  On  the  Interval  (i*,l**],  is  strictly  concave. 

Although  it  is  not  clear  yet,  the  linear  portion  of  represents 
attack  and  destruction  of  defended  targets,  while  the  strictly 
concave  segment  corresponds  to  destruction  of  undefended  targets. 

The  reasoning  underlying  this  proposed  payoff  function 
merits  more  detailed  explication,  some  of  which  follows  here, 
and  more  of  which  appears  in  Chapter  V  and  also  in  Chapter  VIII. 

In  general,  the  defending  side  will  not  possess  sufficient 
Interceptor  resources  to  defend  all  the  targets.  If  there  are 
targets  of  different  values  (as  there  will  be  in  most  cases), 
then  the  more  valuable  targets  should  be  defended  and  the  less 
valuable  targets  must  be  left  undefended.  The  reason  for  this 
is  that  the  attacking  side  must  never  find  initially  undefended 
targets  more  attractive  than  defended  targets,  for  otherwise 
the  defending  side’s  resources  are  being  wasted.  Crucial  to 
this  line  of  argument,  and  a  tenet  of  many  philosophies  of 
defense,  is  the  idea  that  the  purpose  of  defending  some  targets 
is  to  force  the  attacking  side  to  expend  so  much  of  its  resources 
attacking  the  defended  targets  that  not  all  targets  can  be 
attacked.  Therefore,  the  deployment  of  Interceptors  at  defended 
targets  must  be  such  that  the  attacking  side  will  commit  enough 
attacking  weapons  to  destroy  all  the  defended  targets  be.fore  it 
attacks  any  of  the  undefended  targets.  This  is  the  targot 
daf9na9  prinaipl9  upon  which  many  of  our  results  rest. 

In  Figure  1,  1*  is  the  number  of  attacking  weapons  neces¬ 
sary  to  destroy  all  the  defended  targets,  and  1**  is  the  number 
of  attacking  weapons  needed  to  destroy  all  the  targets.  To  the 


right  of  1**,  the  payoff  function  Is  constant.  Between  1^^  and 
the  payoff  function  Is  strictly  concave.  However,  we  have 
not  yet  Justified  linearity  of  on  the  interval  [0,1*],  which 
corresponds  to  destruction  of  the  defended  targets. 

To  make  that  Justification,  we  begin  with  two  observations. 

1)  Regardless  of  precisely  which  targets  are  defended,  they 
must  be  defended  In  such  a  manner  that  the  slope,  s,  of  Just 
to  the  right  of  1*,  which  corresponds  to  the  point  at  which  unde¬ 
fended  targets  are  first  attacked,  be  less  than  or  equal  to 

the  slope  of  everywhere  on  [0,1*].  This  is  a  consequence  of 
the  tenet  that  defended  targets  must  always  remain,  even  account¬ 
ing  for  possible  prior  destruction,  more  attractive  than  unde¬ 
fended  targets,  up  to  the  point  where  all  defended  targets  are 
destroyed.  In  particular,  therefore, 

V^(l*)  >  l*s. 

2)  The  value  of  1*  determines  V^(l*),  which  is  simply  the 
total  value  of  the  defended  targets. 

The  restrictions  engendered  by  these  observations  are 
depicted  graphically  In  Figure  2.  Because  of  the  slope  require¬ 
ment,  on  [0,1*]  the  payoff  function  must  lie  everywhere  above 
the  dotted  line,  which  has  slope  s,  in  Figure  2.  Moreover,  if 
the  graph  of  ever  Intersects  the  dashed  line,  which  extends 

the  graph  of  backward  from  1*  to  0  with  slope  s,  it  must 

remain  along  this  line  up  to  the  point  1*.  The  payoff  function 
must  then  be  of  general  form  shown  In  Figure  3» 

There  are  (at  least)  three  ways  to  force  linearity  of 
on  [0,1*],  which  we  now  discuss. 

1)  If 


V^(l*)  ■  l*s» 
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which  would  essentially  always  be  the  case  were  It  not  for  dis¬ 
creteness  difficulties  (targets  are  discrete  in  our  model  and 
nearly  discrete,  at  least,  in  reality),  then  the  dotted  and 
dashed  lines  in  Figure  2  coincide,  which  entails  a  payoff 
function  of  the  form  shown  in  Figure  1,  whose  derivative  la 
continuous  at  i*. 

2)  With  i*  and  hence  a  and  determined,  the  defending 

side  should  seek  to  minimize  the  maximum  slope  of  the  payoff 
function  on  the  Interval  [0,1*].  The  rationale  for  this  goal 
is  that  by  doing  so  the  defending  side  limits  the  maximum  effec¬ 
tiveness  of  any  single  attacking  weapon.  To  realize  this  goal, 
the  defending  side,  in  view  of  the  limitations  represented  in 
Figure  2,  should  choose  the  deployment  d  in  such  a  manner  that 

is  linear  on  [0,1*].  When  this  is  done,  the  slope  of  on 
[0,  1*]  will  be 

s*  -  — —  . 

In  general,  it  will  then  be  the  case  that  s*  >  s,  which  Is  con¬ 
sistent  with  the  previously  discussed  principle  that  defended 
targets  always  be  more  attractive  than  undefended  targets. 
Consequently,  the  derivative  of  will  be  discontinuous  at 
but  will  remain  decreasing,  preserving  concavity. 

3)  Also  with  1*  previously  specified,  the  defended  targets 
should  be  made  equally  attractive,  attacking  weapon  by  attacking 
weapon,  to  the  attacking  side;  this-  leads  directly  to  linearity 
of  on  [0,1*],  with  slope  there  the  s*  given  above.  Arguments 
supporting  this  particular  assumption  are  somewhat  vague  grounds 
of  symmetry  and  uniformity  and  also  analogies  to  a  large  number 
of  decision-making  models  in  which  optimal  solutions  tend  to 
possess  an  appropriate  (and  often  obvious)  uniformity  property; 
cf.  [4,6,7]. 

Any  of  the  three  lines  of  reasoning  Just  described  suffices 
to  yield  a  payoff  function  of  the  form  shown  in  Figure  1. 
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Questions  that  naturally  arise  at  this  point  concern  possible 
optimality  of  deployments  with  payoff  functions  of  the  given 
form  and  implications  of  optimality  results  for  the  decision¬ 
making  processes  of  both  sides  and  on  the  underlying  problem  of 
interceptor  defense  of  point  targets.  It  Is  such  questions  that 
are  addressed  In  this  paper.  Deployments  with  payoff  functions 
of  the  form  shown  In  Figure  1,  when  more  carefully  defined, 
will  be  called  Prim-Read  deptoymenta.  Our  principal  mathe¬ 
matical  results  establish  that  Prim-Read  deployments  possess  a 
number  of  (theoretical)  optimality  properties;  ensuing  discus¬ 
sions  attempt  to  clarify  and  Illuminate  Important  practical 
consequences  of  the  optimality  properties.  In  many  cases,  we 
are  able  to  demonstrate  that  Prim-Read  deployments  uniquely 
possess  certain  optimality  properties.  Finally,  nonoptimality 
of  Prim-Read  deployments  in  some  situations  of  interest  is  also 
demonstrated. 

In  terms  of  the .mathematical  model  to  be  presented  in  the 
next  Section,  an  absolutely  essential  feature  is  our  assumption 
that  attacking  weapons  directed  at  each  target  arrive  there 
sequentially  In  time.  For  the  underlying  physical  problem  Intro¬ 
duced  -at  the  beginning  of  this  Section,  this  Is  a  plausible 
assumption  because  the  attacking  side  will  not  wish  to  reveal 
its  allocation  of  weapons  earlier  than  necessary;  otherwise  the 
defending  side  could  possibly  alter  its  Interceptor  assignments 
and  decrease  the  target  value  destroyed.  Consequently,  It  is 
nonoptlmal  for  the  attacking  side  not  to  have  attacking  missiles 
allocated  to  each  target  arrive  there  sequentially.  Of  course, 
"sequential”  Is  a  relative  term;  the  absolute  time  scale  of  the 
attack  may  still *be  short. 

B.  MATHEMATICAL  ASSUMPTIONS 

We  now  present  the  mathematical  model  to  be  analyzed  In 
this  paper.  The  prototypical  physical  situation  we  wish  to  con¬ 
sider  is  that  of  the  defense  of  a  nation's  centers  of  population 
and  production  against  attack  by  Incoming  ballistic  missiles, 
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using  interceptors  that  are  presumably  (but  not  necessarily) 
missiles  themselves.  Other  potential  applications  of  the  model 
will  be  discussed  briefly  In  Section  D  of  this  Chapter. 

Some  essential  physical  properties  of  the  prototypical 
process  to  be  studied  are  the  following: 

1)  Attacking  weapons  arrive  in  the  vicinity  of  each  target 
sequentially  In  tlme» 

2)  A  certain  number  of  Interceptors  (possibly  zero)  must  be 
deployed  against  each  attacking  weapon  as  it  arrives  in  the  tar¬ 
get  vicinity,  In  order  to  attempt  to  destroy  the  attacking  weapon 
before  It  reaches  the  target .  This  number  must  be  chosen  without 
knowledge  of  how  many  more  attacking  weapons  might  arrive  later; 
once  assigned,  Interceptors  are  Irrevocably  committed  and  cannot 
be  reassigned  even  If  the  target  Is  destroyed  before  intended 
engagements  can  take  place. 

3)  The  numbers  of  Interceptors  deployed  against  various 
attacking  weapons  need  not  be  equal. 

4)  Each  interceptor  can  be  deployed  against  only  (at  most) 
one  attacking  weapon.  If  It  falls  to  engage  or  destroy  the 
attacking  weapon.  It  is  of  no  further  use. 

5)  When  several  Interceptors  are  deployed  against  a  single 
attacking  weapon,  the  resultant  engagement  consists  of  Indepen¬ 
dent  one-on-one  engagements,  one  for  each  Interceptor.  If  the 
attacking  weapon  is  destroyed  by  one  Interceptor,  the  other 
Interceptors  are  rendered  useless  and  cannot  be  redeployed. 

6)  When  there  are  multiple  targets,  each  Interceptor  must 
be  assigned  In  advance  to  defense  of  some  particular  target. 
Interceptors  cannot  be  shifted  from  target  to  target  as  an 
attack  progresses. 

The  model  with  which  moat  of  this  paper  deals  will  incor¬ 
porate  not  only  these  assumptions  but  also  some  additional 
assumptions.  In  Chapter  VII  we  discuss  ways  whereby  certain 
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of  the  hypotheses  can  be  weakened.  Additional  assumptions  will 
incorporate  Into  the  model  the  following  effects: 

1)  There  Is  a  central  detection  system  (whether  a  single 
system  for  all  targets  or  separate  systems  for  Individual  tar¬ 
gets  Is  Immaterial)  that  warns  of  the  approach  of  each  attack¬ 
ing  weapon,  whereupon  the  interceptors  assigned  to  it  are 
activated  against  It.  All  attacking  weapons  are  detected. 

2)  The  defending  side  is  able  to  dlscsrn  with  certainty 
the  intended  target  of  each  attacking  weapon.  Against  each 
weapon  only  Interceptors  assigned  to  its  Intended  target  can 
be  deployed. 

3)  Neither  side  has  the  capability  to  adaptively  reassign 
Its  resources  during  the  course  of  an  attack.  Attacking  weapons 
allocated  to  a  target  that  has  been  destroyed  cannot  be  retar- 
getted,  and  interceptors  assigned  to  the  target  cannot  be 
redeployed  at  some  other  target. 

4)  An  unintercepted  attacking  weapon  destroys  with  cer¬ 
tainty  the  target  at  which  it  is  directed.  Only  one  penetration 
is  reciuired  to  destroy  each  target. 

We  will  discuss  below  the  plausibility  and  physical  inter¬ 
pretations  of  the  assumptions,  but  to  give  that  discussion  suffi¬ 
cient  focus  and  specificity,  we  first  state  those  assumptions, 
beginning  with  the  single  target  case. 

(1.1)  ASSUMPTIONS,  a)  Attacking  weapons  arrive  at  the  target 
sequentially,  one  at  a  time,  with  sufficient  time  between  succes¬ 
sive  arrivals  that  interactions  Involving  different  attacking 
weapons  do  not  overlap  In  time. 

b)  The  defending  side  decides  in  advance  the  number  of 

J.  u 

interceptors  that  will  be  deployed  against  the  1  attacking 
weapon  to  arrive,  1  «  1,2,  ...,  provided  that  such  an  attack¬ 
ing  weapon  be  in  fact  committed.  Interceptors  designated 
for  deployment  against  attacl:ing  weapons  that  do  not  arrive 


cannot  (within  the  framework  of  the  process  under  immediate  con¬ 
sideration)  be  used  for  other  purposes.  (The  knowledge  that  may 
be  available  to  the  defending  side  when  this  decision  is  taken 
will  be  discussed  below.) 

c)  Each  interceptor  can  be  deployed  against  (at  most)  one 
attacking  weapon,  which  it  engages  and  destroys  with  probability 
1  -  q,  where  0  <  q  <  1.  Different  interceptors  assigned  to  a 
given  attacking  weapon  are  (probabilistically)  independent. 

d)  An  attacking  weapon  that  is  not  intercepted  destroys  the 
target  with  probability  one. 

e)  Interactions  involving  different  attacking  weapons  are 

mutually  Independent.  [] 

Consequently,  an  attacking  weapon  against  which  there  are 
deployed'  d  interceptors  penetrates  the  defense  and  destroys  the 
target  *»flth  probability  q^; 

P{penetratlon  and  target  destruction jd  interceptors}  ■  q  , 

and  Is  Intercepted  and  Itself  destroyed— without  any  harm  done 
to  the  target— with  the  complementary  probability  1  -  q  . 

For  the  multiple  target  case,  the  hypotheses  are  analogous 
but  slightly  more  complicated. 

(1.2)  ASSUMPTIONS,  a)  The  targets  are  separated  to  the 
extent  that  each  attacking  weapon  must  be  directed  at  only  one 
target  and  each  Interceptor  must  be  assigned  in  advance  to  defense 
of  a  single  target.  The  attacking  side  has  no  shoot-look-shoot 
capability  to  redirect  attacking  weapons  during  the  course  of  an 
attack,  while  the  defending  side  is  unable  to  reassign  intercep¬ 
tors  from  one  target  to  another. 

b)  Attacking  weapons  directed  at  each  target  arrive  sequen¬ 
tially  In  time  with  sufficient  gaps  that  interactions  involving 
different  attacking  weapons  do  not  overlap  in  time.  Whether  and 


how  interactions  at  different  targets  coincide  or  overlap  in 
time  are  immaterial. 

c)  The  defending  side  decides  in  advance  the  number  of 
interceptors  to  deploy  against  the  i  attacking  weapon  to  arrive 
at  each  target,  provided  that  It  actually  arrive. 

d)  Each  Interceptor  must  be  assigned  to  a  single  target  for 
deployment  against  at  most  one  attacking  weapon.  The  probability 
that  an  Interceptor  engages  and  destroys  an  attacking  weapon 
against  which  it  is  deployed  la  1  -  q,  where  0  <  q  <  1.  Differ¬ 
ent  interceptors  deployed  against  a  given  attacking  weapon  are 
Independent.  The  p'robahlllty  q  is  the  same  for  all  targets, 
Interceptors  and  attackln,i’  weapons. 

e)  An  unlntercepted  attacking  weapon  destroys  with  proba¬ 
bility  one  the  target  at  which  it  is  directed.  There  is  no 
collateral  damage. 

f)  Interactions  Involving  different  attacking  weapons  at  each 
given  target  are  mutually  Independent. 

g)  The  entire  Interceptlon/target  destruction  processes  at 

different  targets  are  mutually  Independent.  (J 

C.  DISCUSSION  OF  THE  ASSUMPTIONS 

The  assumptions  are  restrictive  in  physical  terms  in  order 
that  we  obtain  a  specific  and  tractable  mathematical  model. 

While  this  paper  does  not  contain  detailed  consideration  of 
possible  applicability  of  the  model,  we  do  treat  that  question 
in  slightly  more  detail  below.  In  Chapter  VII  we  discuss  ways 
of  relaxing  some  of  the  assumptions. 

Others  of  the  assumptions,  however,  are  for  our  purposes 
Immutable.  These  are  the  assumptions  of  sequential  arrivals  of 
attacking  weapons,  and  of  preassigned  targets  to  defend  and 
attacking  weapons  to  be  deployed  against  for  interceptors.  The 
extent  to  which  these  hypotheses  are  plausible  depends  not  only 
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on  the  time  and  geography  of  the  physical  process  under  study 
but  also  on  the  knowledge  available  to  the  attacking  and  defend¬ 
ing  sides.  Since  this  Is  a,  fairly  important  point,  especially 
In  the  context  of  the  min-max  optimality  properties  discussed 
in  Chapters  V  and  VI  (and  also  elsewhere  in  this  paper) ,  we 
wish  to  consider  It  In  somewhat  more  detail. 

In  terms  of  the  attacking  side.  Assumption  (1.2a)  docs  not 
allow  representation  of  shoot-look-shoot  processes,  i.e.,  the 
attacking  side  cannot  during  the  course  of  an  attack  make  use  of 
any  Information  it  may  acquire  about  which  targets  have  already 
been  destroyed.  If  such  Information  were  usable,  the  attacking 
side  could  adaptively  reassign  its  weapons  to  undestroyed  tar¬ 
gets.  If  the  length  of  the  attack  Is  sufficiently  short  or  the 
targets  are  sufficiently  far  away  from  the  attacking  weapons  or 
the  coat  and  effort  necessary  to  re-target  attacking  weapons 
are  sufficiently  great,  this  assumption  will  not  be  unreasonable 

Whether  the  attacking  side  has  knowledge  of  the  defensive 
deployment  to  be  followed  by  the  defending  side  Is  not  yet  speci¬ 
fied.  The  defending  side,  however,  will  often  wish  to  protect 
Itself  against  this  possibility.  It  will  be  shown  below  that 
Prim-Read  deployments  have  the  property  that  the  attacking  aide 
■can  make  only  minimal  use  of  such  Information;  cf.  Theorems 
(^■7),  (4.8)  and  (4.10)  for  specific  manifestations  of  this 
lack  of  ability  of  the  attacking  side  to  use  Its  knowledge  of 
the  defending  side's  choice  of  deployment. 

Especially  If  the  attacking  side  knows  the  interceptor 
deployment,  it  Is  plausible  to  assume  that  attacking  weapons 
are  pre-target ted.  However,  the  assumption  that  a  pre-attack 
allocation  cannot  be  changed  during  the  attack  still  remains 
both  In  effect  and  open  to  question. 

To  the  author.  It  Is  initially  more  difficult  to  accept  the 
assumption  that  the  defending  side  must  In  advance  assign  each 
Interceptor  not  only  to  a  target  but  also  to  a  specific — but 
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hypothetical — attacking  weapon  directed  at  that  target.  This  may 
lead  to  interceptors  being  designated  for  use  against  attacking 
weapons  that  are  never  launched  against  the  target  and  thus,  in 
effect,  being  wasted.  One  consequence  of  this  "waste”  may  be 
seen  in  Theorem  (6.13).  However,  the  extent  to  which  there  really 
is  waste  depends  on  the  knowledge  available  to  the  defending  side; 
if  there  is,  as  we  assume*  Incomplete  knowledge  a  priori ,  the 
waste  may  exist  only  aos  poat  faoto,  and  may  therefore  be  unpre¬ 
vent  able. 

Moreover,  sequential  arrival  of  attacking  weapons  at  each 
target  not  only  can  be  brought  about  by  the  attacking  side  (by 
means  of  its  launch  procedures)  but  also  is  desirable  to  the 
attacking  side  because  this  procedure  maximally  delays  full 
revelation  of  the  allocation  of  attacking  weapons  to  targets. 

If  the  defending  aide  believes  that  the  attacking  side  will  so 
act  (or  if  the  defending  aide  at  least  wishes  to  protect  against 
the  possibility),  it  is  then  forced  to  make  advance  assignments 
in  the  manner  assumed  above. 

In  the  situation  to  which  we  envision  the  model  as  applica¬ 
ble,  the  defending  side  does  Indeed  possess  relatively  less 
information  than  the  attacking  side.  At  moat,  the  defending 
aide  knows  the  total  stockpile  of  available  attacking  weapons, 
but  never  knows  the  targets  to  which  those  attacking  weapons  are 
assigned,  except  to  the  extent  that  its  own  deployment  can  force 
an  attacking  side  assumed  to  use  certain  specific  decision  rules 
to  make  particular  allocations.  It  is  even  possible  that  the 
defending  side  does  not  know  the  size  of  the  attacking  side's 
stockpile.  Many  of  our  results  are  valid  in  either  case. 

That  there  should  exist  asymmetry  in  the  information  avail¬ 
able  to  the  two  sides  about  each  other's  resource  assignments 
is  not  unreasonable  physically.  Interceptors  must  be  located 
near  to  the  targets  they  are  assigned  to  defend,  while  attack¬ 
ing  weapons  may  be  directed  at  specific  targets  by  navigational 
means  and  not  by  the  initial  position  of  the  attacking  weapons. 
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While  it  l3  possibly  unrealistic  to  assume  that  the  attacking 
side  know  how  many  interceptors  are  assigned  to  each  (potential) 
incoming  weapon  at  each  target,  it  is  extremely  interesting 
that — as  we.  show  In  Chapter  V — there  are  defensive  deployments 
that  minimize  target  destruction  even  If  this  knowledge  were 
available  to  the  attacking  side. 

Most  of  the  other  assumptions  are  fairly  straightforward. 
Independence  of  interactions  Involving  different  targets  or 
different  attacking  weapons  seems  quite  plausible.  The  simplis¬ 
tic  attrition  structure,  which  decomposes  an  attacking  weapon/ 
interceptors  Interaction  Into  Independent  one-on-one  interactions, 
may  be  less  plausible  In  some  circumstances.  However,  this  la 
one  assumption  that  we  are  able  to  relax;  of.  Chapter  VII.  The 
assumption  that  an  unlnteroepted  attacking  weapon  destroys  the 
target  at  which  It  Is  directed  can  also  be  weakened,  but  this 
requires  a  re-lnterpretatlon  of  the  idea  of  the  "price”  Imposed 
by  a  deployment,  as  defined  in  Chapter  II.  In  view  of  the  Impli¬ 
cations  of  the  assumption  of  preassigned  interceptors  In  regard 
to  target  separation,  the  assumption  of  no  collateral  damage  is 
entirely  natural. 

When  there  Is  more  than  one  target,  the  targets  must  be 
assigned  values  in  order  that  the  defending  side  be  able  to 
choose  which  of  them  to  defend,  and  how  to  deploy  Interceptors 
at  defended  targets.  The  mathematical  results  we  derive  below 
Involve  (expected)  target  value  destroyed  when  the  attacking 
side  optimizes  its  allocation  of  weapons  against  a  given  defen¬ 
sive  deployment.  To  do  so  In  practice,  the  attacking  side  would 
need  to  know  the  values  of  the  various  targets,  which  may  be 
fairly  clear  in  some  cases  (e.g.,  centers  of  population)  but 
less  clear  In  others  (e.g.,  industrial  centers  of  different 
kinds).  We  assume  that  either  the  attacking  side  does  possess 
fairly  accurate  estimates  of  target  values  or  that  the  defending 
side  wishes  to  guard  against  this  possibility.  In  regard  to 
Prim-Read  deployments  this  will  be  seen  not  to  be  restrictive. 


since  a  Prlm~Read  deployment,  in  effect,  reveals  the  (relative) 
values  of  at  least  the  defended  targets. 

As  explained  and  explored  in  more  detail  In  the  Chapters 
below,  the  defending  side's  goal  Is  taken  to  be  to  make  optimal 
use— according  to  a  criterion  that  must  be  specif led—of  Its 
limited  Interceptor  resources.  Two  principal  optimality  criteria 
will  be  considered  In  this  paper,  each  of  which  the  defending 
aide  will  attempt  to  minimize: 

1)  Expected  target  value  destroyed  by  an  allocation  of 
attacking  weapons  that  Is  optimized  against  the  chosen 
deployment . 

2)  Expected  target  value  destroyed  per  attacking  weapon 
committed,  with  the  allocation  of  attacking  weapons 
optimized  against  the  chosen  deployment. 

The  physical  interpretation  Is  that  the  defending  side  chooses 
its  deployment  (which  assigns  both  Interceptors  to  targets  and 
interceptors  at  each  target  to  sequentially  arriving  attacking 
weapons)  and  the  attacking  side  then  allocates  Its  weapons,  with 
knowledge  of  the  deployment,  so  as  to  maximize  either  target 
value  destroyed  or  target  value  destroyed  per  attacking  weapon 
committed.  The  defending  side  seeks  to  minimize  this  maximum. 

The  principal  results  of  this  paper  show  that  Prim-Read 
deployments  are  essentially  always  optimal  for  the  second  cri¬ 
terion  and  are  optimal  for  the  first  criterion  provided  that 
one  assume  that  the  target  defense  principle  stated  above  be 
satisfied  and  that  the  attack  size  be  less  than  Is  required 
to  destroy  all  the  defended  targets.  Recall  that  the  target 
defense  principle  states  that  targets  should  be  defended  in 
order  of  decreasing  value  in  such  a  manner  that  no  defended 
target  Is  ever  less  attractive  than  an  undefended  target,  even 
when  one  accounts  for  the  possibility  that  previous  attacking 
weapons  may  have  destroyed  the  defended  target. 
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It  will  further  be  seen  that  Prim-Read  deployments  achieve  , 

certain  goals  that  are  of  secondary  Importance,  but  nice  to  ^ 

achieve  nonetheless.  Among  these  are  specifying  the  commitment  i 

of  attacking  weapons  required  to  destroy  the  defended  targets, 
limiting  the  number  of  actions  that  might  be  undertaken  by  the 
attacking  side  and  In  general  limiting  effects  of  the  uncertainty 
and  lack  of  Information  Imposed  on  the  defending  side  by  the 
fundamental  asymmetry  of  the  choice  problem  we  treat. 

Whichever  criterion  Is  established  by  the  defending  side. 

It  will  be  necessary  In  general  to  leave  each  target  defenseless 
after  a  certain  number  of  attacking  weapons  have  been  directed 
at  it.  Possibly  not  all  targets  can  be  defended.  The  defending 
side  must  therefore  choose,  for  each  target, 

1)  the  number  of  attacking  weapons  against  which  the 
target  will  be  defended  (possibly  zero); 

2)  the  number  of  Interceptors  to  be  assigned  to  each 
attacking  weapon  against  which  the  target  Is  defended. 

This  is  the  choice  problem  with  which  this  paper  Is  concerned. 

Under  the  target  attrition  model  defined  by  (1.1c)  or  (1.2d), 
commitment  of  one  more  attacking  weapon  than  the  number  of  attack¬ 
ing  weapons  defended  against  assures  destruction  of  the  target 
(since  q  <  1,  no  smaller  commitment  assures  destruction).  The 
effect  is  to  specify  a  ’’price"  for  each  target:  the  minimum 
{  commitment  of  attacking  weapons  by  which  destruction  of  the  tar¬ 

get  Is  certain.  By  deploying  Interceptors  In  such  a  manner  that 
the  attacking  side — under  the  assumption  that  It  use  certain 
forms  of  decision  rulss — will  pay  the  full  price  of  each  defended 
target,  the  defending  side  thereby  gains  control  (despite  Its  hav¬ 
ing  to  choose  first)  of  the  attacking  side's  resource  allocation. 

D.  POTENTIAL  APPLICABILITY  OF  THE  MODEL 

Although  this  paper  contains  no  detailed  analyses  of  possible 
applicability  of  the  model  to  specific  physical  combat  processes, 
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we  do  wish  to  discuss  briefly  and  in  a  fairly  general  manner 
the  kind  of  situations  It  might  be  used  to  represent.  As 
previously  noted,  this  caper  Is  motivated  by  and  directed 
primarily  toward  defense  of  national  population  and  production 
resources  against  a  strategic  nuclear  attack.  We  have  discussed 
several  of  the  assumptions  In  the  context  of  this  particular 
application  and  concluded  that  the  assiimptions  were  at  least 
plausible  and  in  many  cases  rather  reasonable.  We  believe, 
therefore,  that  our  results  are  applicable  and  are  of  some 
importance  to  the  problem  that  motivated  this  research. 

However,  it  Is  possible,  that  the  model  may  be  applicable 
to  other,  and  perhaps  smaller  scale,  situations.  Those  situa¬ 
tions,  it  seems  to  the  author,  must,  like  the  prototypical 
mlsslle/ABM  problem.  Involve  defense  of  point  targets  by  inter¬ 
ceptors.  That  defense  must  in  some  sense  be  a  barrier  through 
which  attacking  weapons  attempt  to  penetrate;  destruction  of  the 
barrier  is  not  Important  and  not  necessarily  attempted.  However, 
the  attacking  side  may  attempt  to  "exhaust"  the  barrier  by  com¬ 
mitting  enough  weapons  to  force  deployment  of  all  the  intercep¬ 
tors.  The  crucial  aspects  r.re  that  each  Interceptor  be  deployed 
against  exactly  one  (or,  more  accurately,  not  more  than  one) 
attacking  weapon  and,  of  course,'  that  attacking  weapons  arrive 
sequentially  at  the  barrier. 

An  alternative  model  of  barrier  penetration  processes 
appears  In  [1],  to  which  the  reader  is  referred  for  comparison. 

To  consider  a  concrete  situation,  let  us  examine  defense  of 
an  aircraft  carrier  task  force  by  aircraft  stationed  on  the 
carrier.  The  carrier  is  the  target.  Against  an  attack  by  enemy 
aircraft,  the  interceptors  might  be  deployed  on  paiirol.  If  we 
assume  that  there  is  also  present  an  efficient  central  detection 
system,  such  as  AWACS,  then  detection  of  all  penetrators  seems 
reasonable.  Not  so  reasonable  is  the  assumption  that  penetrators 
(enemy  aircraft)  arrive  sequentially  in  time.  Presumably  the 
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enemy  might  attempt  to  saturate  and  confuse  the  defense  by 
attempting  many  penetrations  simultaneously.  Hence  if  the  model 
were  used  in  this  situation,  it  should  be  v/ith  the  explicit 
understanding  that  its  hypotheses  are  only  imperfectly  satisfied. 
If  penetrations  are  attempted  over  a  sufficiently  short  period 
of  time,  it  la  plausible  that  each  Interceptor  can  be  Involved 
in  only  one  attempted  engagement.  Destruction  of  the  target  by 
a  successful  penetrator  is  not  certain,  but  we  indicate  in 
Chapter  VII  how  to  weaken  this  assumption. 

In  the  same  context,  the  model  might  be  applied  to  close- 
in  defense  of  the  carrier  by  surface-to-air  missiles  launched 
from  the  associated  escort  ships.  As  in  the  preceding  example, 
the  greatest  difficulty  is  with  the  assumption  that  penetrators 
arrive  sequentially  in  time;  the  other  assumptions  seem  rela¬ 
tively  plausible. 

Much  the  same  analysis  might  apply  to  defense  of  an  air 
base  against  an  attack  by  enemy  aircraft,  using  either  aircraft 
or  surface-to-air  missiles.  Once  again,  the  troublesome  assump¬ 
tion  is  that  of  sequential  arrivals  of  attacking  weapons.  The 
assumption  concerning  ’’unreusability"  of  Interceptors  seems 
better  satisfied  when  interceptors  are  SAMs  than  when  inter¬ 
ceptors  are  aircraft. 

It  is  difficult  to  Justify  applicability  of  the  model  to 
any  process  in  ground  combat;  the  author  (though  his  knowledge 
Is  limited)  is  unable  to  find  a  ground  combat  process  for  which 
the  assumptions  of  the  model  are  less  than  patently  untrue. 
Nonetheless,  the  previously  noted  tenet  that  one  aspect  of  a 
defense  is  to  force  a  known — and  also  possibly  unacceptably 
large — commitment  of  the  attacking  side's  resources  if  the 
attack  is  undertaken  at  all  seems  very  Important  to  us.  Its 
consequences  in  other  combat  situations  need  to  be  explored. 
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E.  STRUCTURE  OF  THE  PAPER 

In  order  to  Improve  accessibility  of  the  paper  to  readers 
without  advanced  mathematical  training  or  without  interest  in 
detailed  derivations  of  our  results,  we  have  attempted  to  provide 
sufficient  summary  information  so  that  the  content  and  interpre¬ 
tations  of  the  principal  results  are  understandable  without  a 
llne-by-llne  reading  of  the  paper.  To  this  end,  we  have  pro¬ 
vided  a  summary  at  the  end  of  each  Chapter  that  describes  the 
important  results  of  that  Chapter  in  both  mathematical  and 
physical  terms,  but  not  in  full  detail.  Therefore,  a  substantial 
understanding  of  the  paper  could  be  obtained  by  reading: 

1)  Chapter  Ij 

2)  The  summaries  of  Chapters  II,  III,  and  IV j 

3)  The  general  discussion  in  Chapter  V,  Section  A  and  the 
summary  of  Chapter  V; 

4)  The  summaries  of  Chapters  VI  and  VII j 

5)  Chapter  VIII. 

Both  the  Chapter  summaries  and  Chapter  VIII  list  by  number 
the  principal  mathematical  results  so  that  they  may  be  located 
easily  for  further  details. 

We  emphasize,  however,  that  the  "substantial  understanding" 
noted  above  is  only  a  minimal  substantial  understanding.  Many 
examples,  illustrations  and  discussions  of  practical  consequence 
appear  in  the  body  of  the  paper  and  would  be  missed  in  a  partial 
reading.  We  urge  the  reader  who  has  background  and  Interest  to 
read  the  entire  paper,  or  at  least  Chapter  V. 

As  for  specific  content.  Chapter  II  contains  derivations 
of  Prim-Read  deployments  from  uniformity  hypotheses  on  expected 
target  values  destroyed  by  various  attacking  weapons,  and  also 
introduces  a  number  of  important  concepts,  the  most  important 
being  that  of  the  target  prices  imposed  by  a  deployment.  In 
Chapter  III  we  present  optimality  properties  of  Prim-Read 
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deployments  In  the  single  target  case.  Although  this  case  is 
perhaps  of  relatively  little  intrinsic  interest,  the  results 
and  derivations  presented  there  serve  as  useful  motivations 
for  the  more  complicated  results  appearing  later  in  the  paper. 
Chapter  IV  develops  optimality  properties  In  the  multiple  target 
case,  but  under  the  assumption  that  either  all  targets  are 
defended  or  only  targets  of  unit  value  are  left  undefended.  The 
mathematical  and  practical  heart  of  the  paper,  we  believe,  is 
Chapter  V,  in  which  we  treat  optimality  properties  of  Prim- 
Read  developments  when  many  targets  must  be  left  undefended 
and  when  the  target  defense  principle  is  assumed  to  hold.  In 
these  circumstances,  the  Prim-Read  deployment  is  shown  to  be 
the  unique  solution  to  several  optimization  problems,  each  of 
which  is  of  clear  practical  importance.  We  also  show  that  there 
are  Important  problems  to  which  Prim-Read  deployments  are  not 
optimal  solutions.  Chapter  V  also  contains  a  discussion, 
extending  that  of  Chapter  I,  Section  A,  of  desirable  properties 
of  payoff  functions  and  ways  of  attaining  them.  Some  additional 
optimality  results  complementary  to  those  in  Chapters  IV  and  V 
are  given  in  Chapter  VI.  Finally,  in  Chapter  VII  we  obtain  the 
form  of  Prim-Read  deployments  under  hypotheses  weaker  than  those 
given  in  (1.1)  and  (1.2);  we  allow  inclusion  of  target -dependent 
Intercept  probabilities,  unreliable  attacking  weapons,  and  alter¬ 
native  attrition  structures.  The  entire  paper  is  summarized  in 
Chapter  VIII,  where  we  also  discuss  related  literature  and  some 
aspects  of  the  problem  (which  do  exist)  that  are  not  treated  here. 
An  Index  of  Notation  is  given  following  the  references.  Appendix 
A  contains  numerical  examples  and  Appendix  B  contains  some  addi¬ 
tional  results  comparing  Prim-Read  and  proportional  deployments. 

We  believe  that  this  paper  presents  a  clear  and  compre¬ 
hensive  analysis  of  the  strengths  and  weaknesses  of  Prim-Read 
deployments,  and  believe  that  it  contributes  to  understanding 
of  the  underlying  defense  problem. 


CHAPTER  II 


DERIVATION  OF  THE  PRIM-READ  DEPLOYMENTS 

In  this  Chapter  we  derive  the  interceptor  allocation  and 
requirement  for  Prim-Read  defensive  deployments,  first  for  a 
single  target  and  then  for  multiple  targets.  The  reader  will 
observe  that  the  Prim-Read  deployments  equalize  the  expected 
target  values  destroyed  by  various  attacking  weapons  and  might 
then  conjecture  (by  analogy  with  various  other  game-theoretic 
allocation  problems)  that  this  ’’equal  risk”  deployment  possesses 
certain  optimality  properties.  Those  properties  constitute  the 
subject  of  Chapters  III,  IV,  V,  and  VI. 

A.  SINGLE  TARGET  CASE 

Let  us  first  consider  the  single  target  case.  An  important 
idea  in  the  Prim-Read  defense  strategy  is  that  of  the  ’’price”  of 
a  target,  which  is  a  function  of  the  chosen  deployment.  The 
price  of  the  target  is  the  minimum  number  of  weapons  that  must  be 
expended  by  the  attacking  side  to  be  asrtain  that  the  target  is 
destroyed.  After  introducing  some  notation,  we  shall  give  the 
precise  definition. 

A  deploymant  Is  specified  by  a  vector  d,  where 

d(l)  ■  number  of  Interceptors  allocated  to  attempt  to 
destroy  the  1  attacking  weapon, 

A  deployment  for  the  defending  side  consists  of  choices  d(l), 
d(2),...  that  define  an  interceptor  allocation.  We  explicitly 
permit  the  d(l)  to  have  non-integer  values. 

(2.1)  DEFINITION.  The  pv-iae  Imposed  on  the  attacking  side  by 
a  deployment  d  ■  (d(i))  is 
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i 


p(d)  ■  mln{l:d(l)  "0}  . 

In  view  of  the  Assumptions  (1.1),  the  attacking  side  can 
be  certain  of  destroying  the  target  by  launching  against  It  an 
attack  of  size  equal  to  the  price,  and  would,  provided  It  knew 
the  price,  never  commit  more  weapons.  To  impose  a  price  p  the 
defending  side  need  only  deploy  (p-1)  Interceptors  In  the 
deployment 


(2.2) 


d(i)  -  1, 


1<1<P-1, 
l^p . 


This  is  true  provided  we  require  that  d(i)  ^  1  whenever  d(i)  >  0, 
a  property  not  satisfied  by  Prim-Read  deployments. 

Given  a  deployment  d,  let 

(2.3)  p“(d,i)  • ‘P.{ target  is  destroyed  by  attacking  weapon  1} 

■  Cij  ■ 

Evidently  p(d,l)  -  0  for  1  >  p(d)j  i.e.,  p(d,l)  -  1. 

EXAMPLE.  Let  d  be  the  deployment  given  by  (2,2).  Then 

p(d,l)  -  (l-q)^”^q 
for  1  -  1,  . . . ,  P  -  1.  while 


p(d,p)  •  1  -  q  I  (1-q)' 
1"1 

-  (l-q)P“^  . 


: _ ZlV. 


Much  of  our  attention  In  this  paper  focusses  on  deployments 
d  that  equalize  the  probabilities  p(d,l) , . . .  ,p(d,,p(d) )  j  these 
will  be  called  Prim-Read  deployments. 

(2.4)  DEFINITION.  A  deployment  d*  Is  a  Prim-Read  deployment  If 

(2.5)  p(dM)  ■ 

for  1  “  1 ,  . . . ,  p(d* ) . 

The  following  Theorem  verifies  that  Prim-Read  deployments 
exist  and  also  provides  their  explicit  form. 

(2.6)  THEOREM.  For  each  Integer  p  ^  1  there  exists  a  Prim- 
Read  deployment  d*  such  that 

p(d*)  -  p  ; 

the  deployment  d*  is  given  by 

(2.7)  d»(l)  -  -  — 

for  1*1,  . . . ,  p. 

PROOF.  In  order  to  satisfy 


for  each  1,  we  must  have,  first  of  all, 


1  -  p(d*,l) 
P 


nd*(l) 

q  » 


which  is  equivalent  to 


or 


d*(l)  log  q  ■  log  p“ 

-  -  log  p  , 


d»(l) 


log  q  * 
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which  la  expression  (2,7)  for  i  -  1.  Suppose  now  that  (2.7) 
holds  for  1  “  1,  k  -  1;  then 


-  "  p(d*,k) 


■[i 

■  [2! 


d«*(k) 


(by  the  induction  hypothesis) 


[s:  (»sv)] 


.d*(k) 


Therefore, 


-  k  +  1  .d*(k) 

- -  q 


„d*(k)  ^  1 

p  -  k  +  1  ’ 


which  is  the  same  ar. 


d*(k)  -  -  ^ 


verifying  (2.7)  for  1  ■  k 


(2.8)  COROLLARY.  The  Prim-Read  interceptor  requirement  is 
given  by 

I(d»)  -  -  log  p!/log  q  . 
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In  order  to  aid  the  reader  In  understanding  this  require¬ 
ment  we  present  the  following  Table  of  Prim-Read  Interceptor 
requirements  for  the  case  q  •  .50. 


Table  1.  PRIM-READ  INTERCEPTOR 
REQUIREMENTS 


The  asymptotic  expression  for  p  -*■  «  is  obtained  using 
Stirling's  approximation  for  pi  [16,  p.l94]  and  drops  a 
constant  term  of  log  2rr , 

Because,  as  evidenced  by  Table  1,  the  Prim-Read  deployment 
need  not  require  Integral  numbers  of  interceptors,  the  results 
there  may  be  slightly  misleading  as  well  as  impossible  to 
Implement  physically.  The  following  example  Illustrates. 

(2.9)  EXAMPLE.  Let  q  ■  .50.  For  p  «  5  we  then  have 

d*»(l)  -  2.32  ■ 

d*(2)  -  2.00 
d*(3)  -  1.58 
d*(4)  -  1.00 
ci»(5)  -  0  . 

The  Integral  interceptor  requirement  la  therefore 

lj^(d*)  -  8  . 
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C; 


In  most  of  our  discussion  below,  we  simply  ignore  such 
"discreteness"  problems,  despite  their  obvious  physical  impor¬ 
tance.  For  values  of ‘q  (the  penetration  probability)  and  p  that 
are  moderately  large,  the  errors  are  probably  not  substantial. 

The  rationale  for  choice  of  a  deployment  satisfying  (2.5) 
is  not  entirely  clear,  although  the  results  presented  in 
Chapters  III  through  VI  provide  some  clarification.  One  can 
argue  heurlstlcally  that  (2.5)  might  be  desirable  because  it 
Imposes  an  ineffectiveness  of  choice  on  the  attacking  side. 

That  is,  if  the  Prim-Read  deployment  is  Implemented  and  the 
attacking  side  is  to  choose  the  number  of  weapons  with  which  to 
attack  the  target,  no  one  weapon  has  greater  marginal  effect 
than  any  other.  The  precise  result  of  this  "ineffectiveness 
of  choice"  is  described  by  Theorem  (4.10). 

For  one  target,  other  than  choosing  the  deployment  and 
thereby  defining  the  target  price,  the  defending  side  has  no 
choices  to  make.  If  there  are  many  targets  to  be  defended,  more 
choices  are  required,  but  before  considering  that  situation,  we 
consider  one  additional  aspect  of  the  single  target  case. 

In  the  previous  discussion  it  was  assumed  that  the  defend¬ 
ing  side  first  chose  a  deployment,  based  on  which  it  computed 
an  interceptor  requirement.  In  reality,  however,  the  available 
number  of  interceptors  may  be  fixed  in  advance,  say  at  Iq.  The 
defending  side  could  then  Implement  a  Prim-Read  deployment  d* 
as  follows:  Let  p  be  the  largest  Integer  u  for  which 

(2.10)  -  log  ul/log  q  <  Iq  . 

Then  Implement  the  Prim-Read  deployment  with  price  p.  If 
equality  does  not  hold  for  \x  •  p  in  (2.10),  then  the  above  stra¬ 
tegy  does  not  utilize  all  available  resources.  The  remaining 
interceptors,  however,  can  clearly  be  distributed  in  such  a 
manner  that  (2.5)  remains  nearly  satisfied.  In  light  of 


Theorem  (2.6)  the  defending  side  could,  for  example,  make  a 
choice  such  that 


p(d*,l)  <  ^  ,  l<i<p, 

but 

p(d»,p)  >  i  . 

In  this  case,  if  the  target  were  attacked  at  all  and  if  the 

resources  were  available,  the  attacking  side  would  expend  the 

full  price  necessary  to  desti'oy  the  target  in  order  to  obtain 

the  marginal  return  p(d*,p)  of  the  final  weapon,  which  exceeds 

« 

those  of  the  earlier  weapons.  See  also  Theorem  (3.1),  which 
further  considers  the  effect  of  Increasing  marginal  returns. 

B.  MULTIPLE  TARGET  CASE 

We  now  consider  the  more  Important,  multiple  targ'et  case. 
Suppose  that  there  are  targets  numbered  1,  ...,  T  with  Integer 
values  v(l),  ...,  v(T),  respectively,  the  latter  according  to 
some  scalar  measure  of  target  value.  An  interceptor  deployment 
is  then  specified  by  a  matrix  d  -  (d(J,l)),  where 

d(J,l)  •  number  of  Interceptors  deployed  at  target  J 
against  the  i^h  attacking  weapon  (if  there 
is  one)  directed  at  that  target. 

The  price  veotor  for  a  deployment  d  is  the  vector  p(d)  ■ 

(p(d,l) , . . . ,p(d,T) )  defined  by 

p(d,J)  -  mln{i:d(J,l)  -  0} 

Observe  that  while  the  deployment  d  defines  the  price  vector 
p(d),  it  nonetheless  makes  sense  to  speak  of  a  deployment  d 
for  which  p(d)  equals  a  prescribed  vector  p. 

The  uniformity  property  (2.5)  used  in  the  single  target 
case  can  be  extended  to  the  multiple  target  case,  up  to  a 
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scaling  parameter,  In  a  manner  which  we  now  describe.  Given  a 
deployment  d,  let 

f*  U 

p(d,J,l'  -  P{target  j  destroyed  by  1  attacking  weapon 
directed  at  it} 

recall  that  the  attrition  structure  Is  given  by  (1.2). 

By  analogy  with  Definition  (2.4)  we  introduce  the  following 
terminology. 

(2.11)  DEFINITION.  Let  k  be  a  positive  integer.  A  deployment 
d*  Is  said  to  be  a  Prim-Read  deployment  with  Boating  faotor  k 
provided  that 

(2.12)  v(J)p(d»,J,l)  -  i 

for  all  J  ■  1,  T  and  i  ■  1,  p(d*,J). 

The  content  of  (2.12)  Is  that  the  expected  target  value 
destroyed  by  each  attacking  weapon  Is  the  same  (namely.  Is 
equal  to  1/k)  up  to  the  point  at  which  all  targets  are  destroyed. 
While  the  analogy  of  (2.12)  to  (2.5)  Is  rather  strong  to  begin 
with.  It  Is  strengthened  by  the  following  result. 

(2.13)  THEOREM.  For  each  Integer  k  there  exists  a  unique  Prim- 
Read  deployment  d*  with  scaling  factor  k.  The  deployment  d*  Is 
given  by 

(2.14)  d»(J,l)  -  -  i2Bi|2iU=i±li 

for  J  -  1,  ...»  T  and  1  •  1,  ...,  kv(J). 

Before  proving  the  Theorem,  we  take  note  of  the  following 
consequences  of  It. 
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(2.15)  COROLLARY.  If  d*  Is  the  Prim-Read  deployment  with 
scaling  factor  k  then 

(2.16)  p(d»,J)  -  kv(J) 
for  J  -  1 ,  . .  .  j,  T. 

(2.17)  COROLLARY.  The  Prim-Read  Interceptor  requirement  is 

I(d»)  -  -  I 

J-1  ^ 

The  expression  (2.16)  states  that  for  a  Prim-Read  deploy¬ 
ment  d*,  target  prices  are  proportional  to  target  values,  and 
this— as  we  shall  see  In  more  detail  below— leads  the  attacking 
side  to  distribute  its  weapons  among  the  targets  in  proportion 
to  their  respective  values.  However,  as  (2.14)  shows,  the 
defending  side  do«a  not  distribute  its  interceptor  resources 
among  the  targets  in  direct  proportion  to  their  values  (except 
in  the  special  case  when  all  targets  have  the  same  value). 

We  now  prove  Theorem  (2.13). 

PROOF  of  THEOREM  (2.13).  Consider  some  target  J.  In  order 
that 

v(J )p(d*,J ,1)  -  i  , 

we  must  have 


qd*(J,l) 


1 

icvOT  * 


which  is  equivalent  to 

. 

Proceeding  as  in  the  proof  of  Theorem  (2.6),  suppose  that 
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log  q 


for  A  -  1,  1  -  1.  Then  (2.12)  implies  that 

i  -  v(J  )p(cl»J  ,1) 


-  v(J)r  n  (l-q‘^*^J 

•-JI-1  J 

-V(J)  , 


Which  in  turn  implies  that 

dMJ.i) 


kvCJ )  -  1  +  1 


and  hence  that 


d«(J,l)  -  - 


JSLLil: 

log  q 


Since  J  was  arbitrary,  the  proof  Is  complete. 

REMARKS.  There  are  two  distinct  ways  in  which  one  can 
envision  the  defending  side  choosing  the  scaling  factor  k, 
given  that  it  has  chosen  to  have  a  deployment  of  Prim-Read 
form.  First,  its  interceptor  resources  may  be  fixed  at  some 
level,  say  Iq.  The  maximum  parameter  k  such  that 

I(d*)  <  Iq 

would  be  chosen  and  the  remaining  Interceptors  either  diverted 
to  other  uses  or  allocated  among  the  targets  according  to  some 
(more  or  less  arbitrary)  scheme.  See  also  Chapter  V. 

Second,  it  might  be  the  case  that  the  defending  side  knows 
the  maximum  number  of  attacking  weapons  that  could  ever  be 
launched  against  the  targets  in  question.  For  example,  the 
number  of  attacking  weapons  might  be  fixed  by  negotiated 
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agreement  between  the  two  sides,  as  Is  done  with  strategic 
nuclear  weapons.  The  defending  side  might  then  wish  to  con¬ 
struct  a  deployment  sufficiently  strong  that,  in  order  to 
destroy  all  the  targets,  the  attacking  side  would  have  to 
commit  its  entire  stock  of  weapons.  This  would  lead  to  the 
defending  side’s  choosing  the  minimal  value  of  k  for  which 
the  total  of  the  target  prices  exceeds  the  number  of  weapons 
available  to  the  attacking  side.  An  interceptor  requirement 
could  then  be  determined. 

We  observe  once  more  that  (2.12)  above  suffices  to  imply 
that  target  prices  be  proportional  to  target  values.  When 
k  ■  1,  targets  of  unit  value  are  left  undefended,  but  in 
reality  the  defending  side  will  be  forced  to  leave  many  tar¬ 
gets— usually  of  differing  values  and  some  of  values  greater 
than  one— undefended.  In  Chapter  V  we  consider  in  detail  this 
important  problem  of  undefended  targets.  Chapters  III  and  IV 
are  devoted  to  exploring  mathematical  optimality  properties  of 
the  Prim-Read  deployments  and  to  understanding  the  practical 
Implications  of  such  properties. 

C.  CHAPTER  SUMMARY 

In  this  Chapter  wc  have  defined  Prim-Read  deployments  as 
satisfying  certain  uniformity  properties,  namely  (2,5)  in  the 
single  target  case  and  (2.12)  in  the  multiple  target  case.  The 
former  equalizes  the  probabilities  of  target  destruction  for 
all  attacking  weapons  against  which  there  is  a  defense  with 
that  of  the  first  against  which  there  is  no  defense.  The 
latter  equalizes  e'lpected  target  values  destroyed  for  all 
attacking  weapons  that  are  defended  against  and  those  of  the 
first  attacking  weapon  at  each  target  that  is  not  defended 
against.  The  Important  concepts  of  the  price  of  a  single 
target  defense  and  the  price  vector  of  a  multiple  target 
defense  are  also  introduced  in  this  Chapter. 
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The  main  results  of  this  Chapter  are  the  following: 

1)  Theorem  (2.6),  whloh  gives  the  form  of  a  Prim-Read 
deployment  d*  in  the  single  target  case: 


d*(l)  -  -  los(p(d»)-l-fl) 

log  q  » 


l-l,....p(d«). 


The  associated  interceptor  requirement  is  calculated  In 
Corollary  (2.8)  and  found  to  be 


I(d«)  =  -  . 

log  q 

2)  Theorem  (2.13),  which  gives  the  form  of  Prim-Read 
deployments  for  the  multiple  target  case.  If  k  is  the  scaling 
factor,  so  that  the  equalization  condition  is 

v(J)p(d*,J,l)  -  i  ,  J-1,...,T  ; 

•  •  •  » P  (<i* » J  ) » 

then 

d'CJ.l)  -  - 

>  log  q 

also  for  J  »  1, ■ . . . ,  T  and  1  -  1,  ...,  p(d*,J)  -  kv(J).  The 
interceptor  requirement  is 


-  -  ihH  1  . 

J  J* 


These  results  are  Corollaries  (2.15)  and  (2.17),  respectively. 


Chapter  III 


OPTIMALITY  PROPERTIES;  SINGLE  TARGET  CASE 
A.  INTRODUCTION 

This  Chapter  considers  some  ways  in  which  the  Prim-Read 
deployment;  represents  an  optimal  use  of  the  interceptor 
resources  of  the  defending  side.  To  motivate  the  more  compli¬ 
cated  results  concerning  the  multiple  target  case  (presented 
in  the  next  two  Chapters)  we  first  present  here  some  results 
concerning  the  single  target  case.  In  both  cases  (as  the 
reader  will  observe  throughout  this  Chapter  and  the  next  two) 
one  must  formulate  optimality  questions  with  care  and  in  the 
correct  context.  The  results  of  this  Chapter  are,  of  relatively 
less  intrinsic  interest  than  those  of  Chapter  IV  and,  especi¬ 
ally,  Chapter  V,  and  might  perhaps  best  be  viewed  as  a  means 
of  motivation  and  introduction  to  the  ideas  and  mathematics 
used  in  the  sequel. 

Let  the  defending  side  be  protecting  a  single  target. 
Throughout  th.l  s  Chapter  we  use  the  following  notation:  if  d 
is  a  deployment, 

a)  p(d)  -  min{i:d(l)«0}  is  the  price  Imposed  by  d.  With¬ 
out  loss  of  generality  (because  attacking  weapons  are  perfect) 
we  assume  that  d(2,)  ■  0  for  all  I  ^  p(d), 

h)  p(d,l)  is  the  probability  that  the  target  is  destroyed 
by  the  i^  attacking  weapon  directed  at  itj  cf.  (2.3). 

1 

c)  P(d,l)  -  I  p(d,k)  is  the  probability  that  the  target 
k-1 

is  destroyed  by  one  of  the  first  1  attacking  weapons  directed 
at  it . 
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P(d)-1 

d)  1(d)  ■  I  d(l)  is  the  Interceptor  requirement. 

1-1 

V/e  use  d*  to  denote  Prim-Read  deployments. 

For  p  a  positive  integer,  D(p)  denotes  the  set  of  deploy¬ 
ments  d  for  which  p(d)  ■  p  and  If,  In  addition,  a  la  a  positive 
number,  D(p,o)  denotes  the  set  of  those  d  *  D(p)  for  which 
1(d)  ^  a.  Given  p  we  denote  by  a*(p)  the  Interceptor  require¬ 
ment  of  the  Prim-Read  deployment  d*  •  D(p),  namely 

a*‘(p)  ■  -  log  pi /log  q  . 

Finally,  let  D(p)  ■  D(p,a*(p)).  Deployments  d  t  D(p)  require 
at  most  as  many  Interceptors  as  the  Prim-Read  deployment  d**. 

B.  RESULTS 

We  now  proceed  to  our  first  optimality  result. 

(ii.l)  THEOREM.  If  d  »  D(p)  and  P(d,*)  is  convex  on 
ro,p],  then  d-d*. 

REMARK.  Convexity  of  P  means  that  for  each  1  «*  2,...,p  -  1, 
P(d,l)  <  I  CP(d,i-l)  +  P(d,l+1)]  , 
which  is  equivalent  to 

(3.2)  P(d,l)  -  P(d,l-1)  <  P(d,l+1)  -  P(d,l)  . 

It  follows  at  once  from  (2.5)  that  the  Prim-Read  deployment  d* 
satisfies  (3.2),  In  fact  with  equality  for  each  1. 

Implications  of  (3.2)  for  the  attacking  and  defending 
sides,  and  Its  desirability  for  the  defending  side,  will  be 
discussed  following  the  proof  of  the  Theorem. 

PROOF  of  THEOREM  (3.1).  For  a  given  deployment  d  «  D(p)  we  have 


4" 


(3.3) 


P(d,l)  -  ; 


for  1  ■  2,  p  we  have 

(3.4)  P(d,l)  -  P(d,l-1)  -  p(d,l) 


.d(l) 


The  constraint 


E  K"’)] 


P-1 

I  d(l)  <  I(d*) 
1»1 


1-1 

«  q-log  pi /log  q 


pi  • 


Suppose  that  d  «  D(p)  and  that  P(d,*)  Is  convex.  B’or 
1  -  p  -  1,  the  Inequality  (3.2)  becomes 

P(d,p)  -  P(d,p-1)  >  P(d,p-1)  -  P(d,p-2)  , 


Is  equivalent  to 
(3.5) 


which  by  (3.4)  is  equivalent  to 


(3.6) 


1-1 


-iil  H'"')]'*' 


d(p-l) 


Mnder  the  assumption  that  d(i)  >  0  for  1  <  p,  (3-6)  reduces  to 


(3.7) 


d(p-l)  <  1 
^  -  2 
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similarly,  the  requirement 


P(d,p-1)  -  P(d,p-2)  >  P(d,p-2)  -  P(d,p-3) 
Is  equivalent  to 

and  hence  to 


By  (3.7),  this  becomes 


,d(p-2)  (,.,d(p-2))  _ 


Which  Is  the  same  as 


,d(p.2) 


Proceeding  Inductively,  we  Infer  that 
(3.8)  <  (p-l+l)”^ 

for  all  i  whenever  P(d,*)  Is  convex.  The  requirements  (3-5) 
and  (3.8)  together  Imply  that 


,d(l) 


^  p  -  1  +  1 

for  1  ■  1,  ...,  p  -  1,  which  completes  the  proof. 


D 


REMARKS.  1)  The  convexity  property  (3*2)  Is  that  of 
"increasing  returns  to  scale."  It  ensures  that  a  rational 
attacking  side  with  at  least  p  weapons  available  will — provided 
It  attacks  the  target  at  all — expend  the  full  price  p  necessary 
to  destroy  the  target.  This  Is  because  each  attacking  weapon, 
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when  (3.2)  holds,  Is  more  valuable  to  the  attacking  side.  In 
terms  of  expected  target  value  destroyed,  than  the  previous 
one.  Therefore,  If  an  1  attacking  weapon  Is  launched.  It 
Is  Irrational  not  to  launch  an  (1+1)  .  Theorem  (3.1)  shows 

that  no  deployment  other  than  the  Prim-Read  can  use  the  same 
number  of  Interceptors  and  still  produce  a  convex  payoff  func¬ 
tion  on  C0,p].  When  the  payoff  function  Is  convex,  and  If  the 
attacking  side  seeks  to  maximize  target  value  destroyed  per 
attacking  weapon  committed,  It  Is  forced  to  expend  the  full 
resources  needed  to  destroy  the  target. 

2)  By  using  the  Prim-Read  deployment  the  defending  side 
reduces  to  two  the  number  of  actions  that  a  rational  attacking 
side  would  choose,  namely,  "do  not  attack  the  target  at  all" 
and  "attack  the  target  and  pay  the  full  price,"  and  destroy  It. 
Thus  the  defending  side,  even  though  It  must  choose  first.  Is 
able  to  limit  the  choices  available  to  the  attacking  side.  The 
defending  side  Is  thereby  able  to  exert  control  over  the  attack¬ 
ing  side's  expenditure  of  resources.  If  the  attacking  side  seeks 
to  maximize  either  expected  target  value  destroyed  or  expected 
target  value  destroyed  per  attacking  weapon  committed,  It  will 
choose  to  destroy  the  target. 

3)  In  the  preceding  discussion  the  price  p  was  taken  to  be 
exogenously  determined.  If  a  limited  number  of  interceptors  is 
available,  a  suitable  price  may  be  calculated  using  (2.10). 

Another  manifestation  of  the  uniformity  of  the  Prim-Read 
deployment  la  given  in  our  next  Theorem,  which  deals  with  a 
situation  In  which  the  defending  side  wishes  to  minimize  the 
number  of  Interceptors  required  while  controlling  the  maximum 
cumulative  damage  per  attacking  weapon.  Recall  that  D(p)  Is 
the  set  of  all  deployments  with  price  p. 

(3.9)  THEOREM.  Let  p  be  an  Integer.  Then  the  Prim-Read 
deployment  d**  uniquely  solves  the  optimization  problem 
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(3.10) 


minimize  1(d) 


s.t. 


d  *  D(p) 

max 

l<r<p  ^ 


<  i 

~  P 


PROOF.  Since  (2.7)  Implies  that  P(d*,r)  ■  r/p  for  r  -  1,  ....  p 
the  Prim-Read  deployment  d*  Is  a  feasible  solution  to  (3.10). 
Optimality  Is  suggested,  although  not  proved  of  course,  by  the 
fact  that  all  constraints  are  satisfied  as  equalities. 

Suppose  now  that  d  is  an  optimal  solution  to  (3.10).  Then 
first  of  all  we  must  have 


,a{x) 


P(d,l) 

1 


which  we  write  in  the  form 


pq 


dd) 


<  1 


j  n  ^  I  \ 

Using  this  inequality,  the  fact  that  q  '  d  ■,  and  the 
constraint 


1  -  (1-q^^^^ )(l-q^^^^ )  -  P(d,2) 

<  2/p 


We  see  that 


<  -“P-" 
(1-q 


yci) 

d(l)j 


which  we  write  as 


I 


<  2 


By  an  inductive  continuation  of  the  procedure  above  we  can 
conclude  that  for  each  1  ■  1,  .*.,p  -  1  the  inequality 


f  (p-J+l)q^^J^  <  1 

Is  valid.  Note  that  so  far  optimality  of  d  has  not  been  used. 

If  d  is  optimal,  then  in  addition  to  the  preceding  inequali¬ 
ties,  1(d)  £  I(d*),  which  Is  the  same  as 

t 

d(i)  d*(l) 

1-1  “  1-1 


Together,  the  previous  p  -  1  linear  inequalities  and  this  one 
nonlinear  inequality  imply  that  d-d*.  For  an  illustration, 
see  the  proof  of  Theorem  (3.11)  below.  [] 

hSMARKS.  1)  Theorems  (3.1)  and  (3.9)  are  evidently  rather 
ci].oaely  related  to  one  another;  they  are  nearly,  but  not  quite, 
dual  optimization  problems.  See  also  Theorem  (3.11)  below. 

2)  If  one  supposes  that  the  attacking  side,  once  the 
defensive  deployment  is  chosen  and  Implemented,  is  able  to 
discern  that  deployment  and  then  choose  a  number  of  attacking 
weapons  that  maximizes 


P(d.r) 

r 


over  {l,...,p},  then  Theorem  (3.9)  Jtates  that 
Prim-Read  deployment ,  if  there  is  a  constraint 
attacking  weapon  payoff  for  the  optimal  choice 


by  employing  the 
1/p  on  the  per- 
of  the  attacking 
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3ide,  the  defending  side  minimizes  the  requirement  for  Inter¬ 
ceptors  . 


3)  Since 


P(d*,r)/r  -  1/p 


for  all  r,  the  Prim-Read  deployment  does  not,  according  to  the 
attacking  side's  criterion  of  maximizing  P(d,r)/r,  limit  the 
number  of  actions  that  are  then  feasible  (Indeed,  optimal)  for 
the  attacking  side;  It  does,  however,  ensure  that  all  actions 
have  the  same  effect.  This  Is  yet  a  different  way  in  which  the 
Prim-Read  deployment  limits  the  decision-making  ability  of  the 
attacking  side:  In  this  situation  no  alternatives  are  precluded, 
but  all  actions  lead  to  the  same  outcome. 

4)  The  content  of  Theorem  (3.9)  is  that— for  a  given  target 
price— the  Prim-Read  deployment  minimizes  the  defending  side's 
Interceptor  requirement  subject  to  a  constraint  on  the  maximum 
(cumulative)  damage  per  attacking  weapon.  Theorem  (3.11)  below 
states  that,  in  effect,  the  constraint  and  the  objective  func¬ 
tion  In  (3.9)  can  be  Interchanged.  That  Is,  the  Prim-Read 
deployment  uniquely  minimizes  the  maximum  cumulative  damage 
per  attacking  weapon,  subject  to  an  upper  bound  on  the  number 
of  available  interceptors.  This  result  should  be  compared  with 
the  various  results  In  Chapters  IV,  V  and  VI,  which  treat  min- 
max  optimality  properties  In  the  multiple  target  case. 

(3.11)  THEOREM.  The  Prim  Read  deployment  d*  Is  the  unique 
solution  to  the  optimization  problem 


(3.12) 


minimize  .  max  ^ 

l<r<p  ^ 

s.t.  d  «  D(p)  . 


PROOF.  Feasibility  of  d*  Is  obvious.  If  d  *0(0)  then 

mill .  1 

p  p 
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which  obviously  Implies  that 


l<r<p 


P(d.r)  >  1 
r  -  p 


P(d*r) 


l<r<p 


This  shows  that  d*  la  an  optimal  solution  to  (3.12)  and  that  if 

fM 

d  Is  any  other  optimal  solution,  then 


(3.13) 


max 

l<r<p 


r  p 


To  show  that  d**  Is  in  fact  the  only  optimal  solution  to 
(3.12),  let  a  be  any  optimal  solution  and  define 


-  q 


dd) 


i**l,  •••,p*.l 


The  equality  ( 3. 13) ■ Implies  the  inequality 

i  >  p(a,i) 


which  we  rewrite  as 


(3.1i>) 


pXi  <  1. 


'k  >  P(3,2) 
P  “  2 


■  "  (l-x,)Xj]  . 


The  inequality 


which  also  results  from  (3 .IS)*  can  be  rewritten — with  the  alci 
of  (3,14)—  as 

I  >  X,  +  (£^)Xj  , 

and  hence  as 

px^  +  (p-Dxg  <  2  . 

By  continuing  this  procedure  we  obtain  the  following  set  of 
(linear)  Inequalities  (one  of  which  must  hold  as  equality): 

PXi  <  1 

px^  +  (p-Dxg  <  2 
pXj_  +  (p-l)x2  +  (p-2)x2  <  3 

px^  +  (p-DXg  +  ...  +  2Xp_^  <  p  -  1  . 

Together  with  the  nonlinear  Inequality 

P-1 

n  X.  >  i/pi  , 

1-1  ^ 

■w 

which  Is  but  a  rewritten  form  of  the  constraint  1(d)  ^  I(d*), 
the  preceding  Inequalities  and  optimality  of  d  Imply  that 

*1  p-1+1 

for  each  1,  i.e.,  that  d-d*. 

To  Illustrate  (rather  than  overwhelm  the  reader  with  tech- 
nlca]  details)  let  us  consider  the  case  p  -  3.  The  relevant 
Inequalities  are  then  ' 


and 


3*1  <1 

+  2X2  <.  2 

Vs  i  ?  i 

the  only  point  (x^^jXg)  satisfying  these  three  inequalities  is 
( 1/3 » 1/2),  whloh  does  Indeed  correspond  to  d  -  d*.  The  higher 
dimensional  cases  are  notationally  more  complicated  but  con¬ 
ceptually  the  same.  [] 

It  is  Important  to  realize  that  the  Prim-Read  deployment 
is  not  a  universal  solution  to  every  optimization  problem 
Involved  with  interceptor  defense  of  point  targets.  The 
following  discussion  shows,  however,  that  for  some  problems 
to  which  it  is  not  an  optimal  solution,  it  is  still  a  reason¬ 
ably  good  choice. 

(3*15)  EXAMPLE.  The  optimization  problem  we  wish  to  treat 
in  this  case  is  the  following:  fix  the  attacking  side's 
resources  at  some  Integer  level  p  and  the  defending  side's 
interceptor  resources  at 

I  ■  -  log  pi /log  q. 

These  are  the  levels  of  resource  expenditure  for  the  two  sides 
when  the  defending  side  Implements  a  Prim-Read  deployment  with 
price  p.  The  optimization  problem  to  be  considered  is 

(3.16)  minimize  max  fl  -  n  (l-q*^^^^)! 

a  L  l«i  J 

vmere  the  maximum  is  over  a  <  p  and  the  minimum  is  over  all 
deployments  d  for  which  1(d)  <  I.  The  objective  function 

P(d,a)  »  1  -  n  (l-q^^^^^) 

1-1 
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is  the  probability  that  the  target  is  destroyed  (and  is  hence 
directly  proportional  to  the  expected  target  value  destroyed) 
when  the  defensive  deployment  is  d  and  the  attacking  side 
commits  a  attacking  weapons.  It  Is  assumed  in  (3.l6)  that 
p  and  I  are  known  to  both  sides. 

This  optimization  problem  Is  certainly  a  natural  problem 
that  one  might  pose  In  a  target  defense  problem:  the  defend¬ 
ing  side  wants  to  minimize,  and  the  attacking  side  to  maximize, 
the  expected  target  value  destroyed.  Formulation  of  (3.16) 
as  a  mln-max  problem  rather  than  a  (simultaneous  move)  game  repre 
sents  our  assumption  that  the  attacking  side  can  discern  the 
defending  side's  deployment  before  the  attack  occurs.  The  princi 
pal  difference  between  the  problem  (3.16)  and  those  discussed 
above  In  this  Chapter  (especially  in  Theorems  (3.9)  and  (3.11)  is 
that  the  latter  account  for  the  level  of  expenditure  of  attacking 
weapons  by  replacing  P(d,a)  In  (3.l6)  by  P(d,a)/a,  the  expected 
target  value  destroyed  per  attacking  weapon  expended. 

What  we  will  do  is  to  compare  the  solution  to  (3.16)  with 
the  Prim-Read  deployment  d*  with  price  p  which  solves  (3.12) 
above. 

The  solution  to  (3.16)  may  be  obtained  by  the  methods  of 
calculus  once  some  preliminary  analysis  is  used  to  simplify 
the  problem.  For  any  d, 

max  P (d,a)  ■  P (d, p)  , 

a£p 

so  (3.16)  reduces  to  the  minimization  problem 

(3.17)  minimize  1  -  n  (l-q*^^^^) 

1-1 

s.t.  1(d)  <  I  . 

il6 


To  solve  (3.17)  we  may  restrict  attention  to  those  d  for  which 
d(l)  «  0  for  1  >  p;  there  Is  no  point  In  deploying  Interceptors 
against  nonexistent  attacking  vreapons.  Note  that  since  d*(p)  “ 
0  we  have 

P (d*,p)  ■  1  , 

whereas  If  d  is  any  feasible  point  for  (3.17)  such  that 
d(l)  >  0  for  1  »  1,  p,  then 

P(d»p)  <  1  . 

Consequently,  the  Prim-Read  deployment  is  not  an  optimal  solu¬ 
tion  to  (3.17) . 

To  find  the  optimal  solution  to  (3.17)  one  may  use  the 
classical  methods  of  calculus  (either  Lagrange  multipliers  or 

substitution  of  I  -  I  d(l)  for  d(p)).  The  resultant  solution 

1-1 

is  the  uniform  allocation  d  given  by 


(3.18) 


d(l)  -  i 


We  observe  that  at  the  optimum,  the  objective  function  value 
for  the  problem  (3.17)  is 


(3.19) 


P(d,p) 


We  now  wish  to  compare  P(d*,p)  with  P(d,p)  in  order  to 
understand  to  what  extent  the  Prim-Read  deployment  d*  falls  to 
be  an  optimal  solution  to  (3.16).  Since,  as  previously  noted, 
P(d*».p)  ■  1,  to  investigate  the  ratio  ^(d, p)/P(d*, p)  It  suf- 
flees  to  consider  only  the  behavior  of  P(d,p)  as  given  In 
(3.19).  The  behavior  we  Investigate  Is  that  of  P(d,p)  as 
p  4-  oo.  Using  Stirling's  approximation 
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pi  ~  /^Tr 


and  the  fact  that 

lim  -  1  , 

p-^oo 


cf.  [16,  p.57],  we  conclude  that 


(3.20) 


11m  .P(d,p)  -  lim  1  -  (1  -  |)P 

p.^09  P^no  P 


-  1 


a  .93^0  . 

The  practical  significance  of  (3.20)  is  that  for  large  values 
of  p,  the  Prim-Read  deployment  is  93  percent  optimal  in  (3.16) 
and  optimal  in  (3.12).  In  fact,  the  convergence  in  (3.20)  is 
extremely  fast;  F(d,p)  ^  .92  once p  ^  20. 

On  the  other  hand,  let  us  consider  how  the  solution  d  to 
(3.16)  fares  as  a  possible  candidate  in  the  problem,  (3*12), 
to  which  the  Prim-Read  deployment  d**  is  the  optimal  solution. 
For  d  as  given  by  (3.18),  the  cumulative  payoff  function  P(d,’ 
to  the  attacking  side  is  easily  seen  to  bo  strictly  concave  on 
[0,p],  l.e.,  is  of  the  form  of  the  payoff  function  given  in 
Figure  4a  (Chapter  V).  Consequently 
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Once  again  using  Stlrlj.ng's  approximation,  one  can  see  that 


I 


f. 


e 


(3.21) 


Since 


max 

r<p 


P(d.r) 

r 


e 

P  ■ 


max 

r^p 


P(d».r) 

r 


1 

P 


the  Inference  to  be  drawn  from  (3.21)  Is  that  the  uniform 
deployment  d  Is  nonoptlmal  for  the  problem  by  a  factor  of 
1  -  -  a  .63.  This  should  be  compared  with  the  factor  e  a  .07, 
by  which  the  Prim-Read  deployment  falls  to  be  optimal  for  the 
problem  (3.I6). 


C.  CHAPTER  SUMMARY 

This  Chapter  Is  devoted  to  development  of  optimality  prop¬ 
erties  of  Frim-Read  deployments  In  the  single  target  case.  As 
previously  explained,  this  case  Is  of  less  interest  In  its  own 
right  than  as  a  motivation  for  and  simplification  of  the  multlpl.e 
target  case.  The  results  derived  here  are,  for  the  moat  pert, 
qualitatively  similar  to  the  results  appearing  In  Chapter  IV, 
but  are  mathematically  less  complicated  and  Imposing.  A  reader 
who  wishes  to  understand  the  flavor  of  the  derivations  given  In 
this  paper  could  read  those  In  this  Chapter  and  omit  those 
In  the  following  Chapters . 

The  main  mathematical  results  presented  In  Chapter  III  are 
the  following: 

1)  Theorem  (3.1),  which  states  that  If  d  «  D(p)  and  the 
payoff  function  P(d,.)  is  convex  on  [0,p],  then  d  la  the  Prim- 
Read  deployment  d*. 
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2)  Theorem  (3'9)»  which  asserts  that  for  each  p  the  Prim- 
Read  deployment  d^  is  the  unique  solution  to  the  optimization 
problem 

minimize  1(d) 
s.t .  d  c  D(p) 

max  SiSxSl  <  i  . 

r^p  ^  ^ 

That  is,  subject  to  the  upper  bound  1/p  on  the  cumulative 
probability  of  target  destruction  per  attacking  weapon  com- 
mlttedf  the  Prim-Read  deployment  d**  uniquely  requires  the 
fewest  Interceptors. 

3)  Theorem  (3.11) »  which  shows  that  for  each  p  the  Prim- 
Read  deployment  d*  is  the  unique  solution  to  the  optimization 
problem 


minimize  max 


s.t.  d  *  DCp)  . 

• 

That  is,  among  deployments  d  with  price  p  and  Interceptor 
requirement  at  most  that  of  the  Prim-Read  deployment  d*,  the 
deployment  d*  uniquely  minimizes  the  maximum  probability  of 
target  destruction  per  attacking  weapon  committed. 

4)  Example  (3.15) »  which  contains  several  conclusions  of 
interest.  First,  it  la  shown  that  the  Prim-Read  deployment  la 
not  a  solution  to  the  optimization  problem 

minimize  P(d,p) 

s.t.  1(d)  <  I(d*) 
p(d)  £  p  +  1 


and  that  the  solution  to  this  problem  Is  the  uniform  deploy¬ 
ment  d  defined  In  expression  (3.18).  However,  it  Is  shown  that 
d*  is  93  percent  optimal  for  this  latter  problem— In  which  the 
objective  function  Is  the  probability  of  target  destruction 
rather  than  probability  of  target  destruction  per  attacking 
weapon  committed — whereas  the  uniform  deployment  d  Is  only  37’ 
percent  optimal  for  the  optimization  problem  of  Theorem  (3.11) 
and  result  3)  presented  above.  This  is  a  useful  robustness 
property  of  Prim-Read  deployments. 


Chapter  IV 

OPTIMALITY  PROPERTIES:  MULTIPLE  TARGET  CASE 
A.  INTRODUCTION 

The  objective  of  this  Chapter  is  to  present  analogues, 
for  the  multiple  target  case,  of  the  optimality  results  derived 
In  Chapter  III.  In  this  Chapter  we  concentrate  on  the  situation 
where  all  targets,  except  possibly  those  of  unit  value,  are 
defended.  The  more  Important  situation  in  which  many  targets 
of  differing  values  must  be  left  undefended  is  treated  in 
detail  in  Chapter  V. 

We  first  derive  analogues  of  Theorems  (3.1)»  (3*9)  and 
(3*11)  for  the  multiple  target  case.  As  in  Chapter  II  we 
assume  that  there  are  targets  1,  ...,  T  of  positive,  integral 
values  v(l),  v(T).  An  interceptor  deployment  is  a  matrix 

d  ■  (d(J,l)),  where  d(J,l)  is  the  number  of  interceptors 
deployed  at  target  J  to  attempt  to  Intercept  the  1  attacklnn 
weapon  directed  there.  The  deployment  d  specifies  a  price 
vector  p(d,*)  defined  by 

p(d,J)  -  mind:  d(J,l)  ■  0}  j 

without  loss  of  generality  we  assume  that  d(J,A)  ■  0  for  each 
J  and  all  Ji  >  p(d,J  ) . 

For  each  integer  k  we  denote  by  dj  the  Prim-Read  deploy¬ 
ment  with  scaling  factor  k,  given  by  Theorem  (2.13)  as 

d{(J,l)  -  -  ,  j  -  1,  Tj 

i  ■  1 ,  . .  . ,  kv ( J  )  . 
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The  associated  price  vector  and  Interceptor  requirement  are 


p(d{,J )  ■  kv(J ) 

and 


- ISgT  I  l°st(lcv(3))!]  , 

respectively,  as  given  by  Coro.i larles  (2.15)  and  (2.17). 

Throughout  what  follows,  a  caret  over  a  vector  denotes 
the  sum  of  Its  components;  for  example, 

A  T 

0  -  I  v(J) 

la  the  total  value  of  the  targets. 

Against  a  deployment  d,  the  attacking  aide  can  be  certain 
of  destroying  all  of  the  targets  by  committing 

A  T 

p(d)  •  I  p(d,J) 

J-1 

properly  allocated  weapons.  In  what  follows,  therefore,  It 
seems  more  reasonable  that  one  should  fix  the  total  of  target 
prices  (l.e.,  the  commitment  of  offensive  resources  required 
to  destroy  all  of  the  targets)  rather  than  fix  the  Individual 
target  prices  (which,  In  effect,  was  done  In  Chapter  III). 
Consequently,  for  each  k,  let  denote  the  set  of  deployments 
d  for  which 


Deployments  In  Impose  the  same  commitment  of  attacking  weapons 
to  destroy  all  the  targets  as  does  the  Prim-Read  deployment  d|* 
and  require  no  more  interceptors. 

Given  a  deployment  d,  define 

T 

(4.1)  V(d,l)  ■  max  I  v(J)P{target  destroyed}  , 

a  J-1 

where  the  maximum  Is  taken  over  all  allocations  a  ■  (a(l),..., 
a(T)),  of  attacking  weapons  among  the  targets  such  that 

a  -  I  a(J )  <  1  . 

J-1 

This  la  the  payoff  function  discussed  In  Chapter  I, A  and 
Chapter  V,A.  More  specifically, 

(4.2)  V(d,3:)  -  max  f  •  v(J  )  fl-  ^ 

a  J"1  L  Ji*!  \ 

and  is  the  maximum  expected  target  value  that  can  be  destroyed 
by  1  attacking  weapons.  When  we  treat  optimization  problems 
whose  objective  functions  involve  V,  the  attacking  side  Is 
assumed  to  optimize  its  allocation  of  weapons  among  targets, 
based  on  knowledge  of  the  deployment  d.  As  noted  in  Chapter  I, 
we  suppose  that  either  the  attacking  side  is  in  fact  able  to 
so  optimize  or  the  defending  side  is  guarding  against  this 
particular  possibility. 

B.  OPTIMALITY  RESULTS 

The  first  result  of  this  Chapter  is  the  following,  which 
is  analogous  to  Theorem  (3.1).  We  emphasize  that  we  fix  only 
the  total  of  the  target  prices  and  not,  which  could  be  less 
reasonable,  the  individual  target  prices. 


(i|.3)  THEOREM.  Let  k  >  1  be  fixed.  If  d  ♦  and  V(d,.)  Is 
convex  on  C0,p(d|»)],  then  d  -  dj*. 

PROOF.  Prom  Theorem  (2.13)  we  have  that 

'  T 

l  V(J) 

V(d*.l)  -  1  - 

I  P(<1*J) 

J-1 

A 

•  i 

p(dj) 

for  1  £  i  1  p(d*)j  that  is,  V(d|*,>)  Is  linear  and,  in  particu¬ 
lar,  convex.  Here  v  •  I  v(J)  is  the  total  of  the  target  values. 

A 

Suppose  now  that  d  ♦  Dj^,  and  that  V(d,‘)  is  convex.  We 
shall  first  show  that 

(4.4)  P(d,j)  ■  P(dJ,J) 

A 

for  each  J  ■  1,  ...»  T.  If  (4.4)  falls,  then  since  d  *  we 
must  have  p(d,jQ)  <  p(dJ,jQ)  for  some  Jq,  which  would  imply 
that 

V(d,p(d,jQ) )  >  v(Jq) 

— it - • 

On  the  other  hand,  convexity  of  V(d,.),  together  with  the  fact 
that  V(d,p(d))  ■  V,  implies  that 


Since  the  two  preceding  expressions  are  contradictory,  (4.4) 
must  hold. 

Convexity  of  V(d,‘)  further  implies  that 

max  -  V(d,l) 

.1 


for  all  J ,  which  is  the  same  as 

(4.5)  d(J,l)  >  dj»(J,l)  . 

However,  strict  inequality  in  (4.5)  for  some  J  would  lead  to  a 
violation  of  the  constraint  that  d  *  Dj^  and  therefore 

d(J,l)  -  dj»(J,l) 

for  J  -  1,  . . . ,  T. 

The  remainder  of  the  proof  follows  by  induction.  [] 

A  crucial  property  of  the  Prim-Read  deployment  in  the 
multiple  target  case  is  that 

(4.6)  p(dj»,J)/v(J)  -  k 

for  all  J,  l.e  .,  the  price  of  a  target  is  proportional  to  its 
value.  As  Theorem  (2.13)  shows,  the  defending  side  does  not 
then  distribute  its  interceptor  resources  among  the  targets 
in  proportion  to  target  values.  What  the  defending  side  does 
is  to  distribute  its  resources  among  the  targets  in  a  manner 
that  forces  a  rational  attacking  side  to  distribute  its  attack¬ 
ing  weapons  proportionally  to  target  values.  The  point  is  an 
Important  one;  being  forced  to  choose  first,  the  defending 
side  chooses  so  as  to  limit  the  alternatives  available  to  the 
attacking  side  when  the  latter  behaves  rationally.  For  the 
multiple  target  case,  (4.6)  is  an  Important  effect  of  the  defend¬ 
ing  side's  choice. 
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By  analogy  to  Theorem  (3.9)  we  obtain  the  following  result, 
which  states  that  in  the  multiple  target  case  as  well  as  the 
single  target  case,  Prim-Read  deployments  (uniquely!)  minimize 
the  number  of  interceptors  required  by  the  defending  side,  sub¬ 
ject  to  a  constraint  on  the  maximum  average  target  destruction 
per  attacking  weapon  committed. 

(4.7)  THEOREM.  Let  k  be  a  positive  integer  and  let  v  be  the 
total  value  of  all  targets.  Then  the  Prim-Read  deployment  d|* 
uniquely  solves  the  optimization  problem 


minimize  1(d) 

s.t.  p(d)  -  P(dj) 


max 

l£r£p(d) 


V(d.r)  .  1  . 
r  -  k 


PROOF.  Recall  also  that  p(d|*)  »•  kv.  It  follows  from  earlier 
results  that  d||,  is  a  feasible  solution  to  this  problem. 

Consider  now  an  optimal  solution  d’.  Taking  r  "  1  in  the 
second  constraint  gives  the  requirement 


max  v(J)q'^  (J»l) 

J  “1 , .  •  • 


Hence  for  each  J  we  must  have 


4'U.l)  L  - 

-  dJ(J,l)  . 

Since  the  Prim-Read  deployment  is  feasible,  we  infer  that 

d»  (J,l)  «  dj‘(J,l) 

for  J  ■  1 . T.  The  remainder  of  the  proof  follows  by 

induction  in  the  manner  of  the  proof  of  Theorem  (3.9).  Q 
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I, 


I 


c 


r 


■f: 

1, 


c: 


In  the  same  way  that  Theorem  (3.11)  Is  related  to  Theorem 

(3.9) »  the  next  Theorem  is  a  complementary  version  of  Theorem 

(4.7)  . 

(4.8)  THEOREM.  The  Prim-Read  deployment  dj*  Is  the  unique 
solution  to  the  optimization  problem 


(4.9) 


minimize  max 

l£r < p ( d ) 


V(d.r) 

r 


s .t . 


d  *  Dj^.  . 


We  omit  the  proof. 

A  further  property  of  Prim-Read  deployments,  which  has  no 
analogue  In  the  single  target  case,  la  that  Prim-Read  deployments 
uniquely  prevent  the  attacking  side  from  being  able  to  benefit 
from  Its  being  permitted  to  optimize  its  allocation  of  attacking 
weapons  among  targets  based  on  knowledge  of  the  deployment 
chosen  by  the  defending  side. 


(4.10)  THEOREM.  Let  k  be  a  positive  Integer  and  for  an 
Integer-component  vector  a  -  (a(l) , . . . ,a(T) )  let 

(4.11)  V(d,a)  -  I  v(J)ri-  , 

J-1  L  a-i  \ 


which  Is  the  expected  target  value  destroyed  by  the  allocation 
a  of  attacking  weapons.  Then  of  all  deployments  d  *  6^^,  the 
Prim-Read  deployment  dj*  is  uniquely  characterized  by  the  prop¬ 
erty  that  V(d|*,’)  depends  on  the  allocation  a  only  through  a, 
provided  that  a(J)  <  p(d,J)  for  each  J. 

PROOF.  Prom  (2.12)  we  have 

V(dj,a)  .  I 
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< 


for  all  a.  Suppose  now  that  d  «  satisfies  the  stated  property. 
By  considering  (1,0, (0,1,0, ... ,0) (0, ... ,0,1)  as 
successive  choices  of  a,  we  conclude  that 

(4.12)  v(J)q‘^^^*^^  -  v(J')q^^'^’’^^ 

for  all  J  and  J'.  Consider  next  two  targets  J  and  J',  and  the 
two  allocations 


and 


a. 


(0,. 


0) 


I 


I 


I 


I 


i 


[•i 


We  must  then  have 


•  P  ?  1 

(4.13)  V(j)q‘^^^’^^  +  V(j')q'^^’'  ■  v(J)J^l-^n  (l-q'^^j»^^)j  . 


Using  (4.12)  we  may  transform  (4.13)  to 


(4.14) 


q^(J,2) 


qd(J,l) 

l^qaTHTT 


of  course,  a  similar  expression  holds  for  J'. 


We  may  continue  this  process  of  simplification,  which 
becomes  harder  notationally  but  not  conceptually,  to  conclude 
that 


qd(J,l) 


qd(J,l-l) 
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(4.15) 


for  all  J  and  1.  Finally,  (4.15),  together  with  the  constraint 
nhat  d  t  implies  that  d  ■  dj.  Q 

The  interpretation  of  Theorem  (4:10)  is  not  that  the  Prim- 
Read  deployment  restricts  the  attacking  side  in  its  choice  of 
actions,  given  a  fixed  stockpile  of  attacking  weapons,  but  rather 
that  the  Prim-Read  deployment  limits  the  range  of  effects  of 
those  actions.  In  particular,  the  attacking  side,  when  con¬ 
fronted  by  a  Prim-Read  deployment,  cannot  gain  from  being  able 
to  allocate  its  weapons  among  the  targets.  According  to  Theorem 
(4.10),  in  chls  case  the  target  value  destroyed  depends  only  on 
how  many  attacking  weapons  are  committed  and  not  on  how  those 
weapons  are  distribute^:!  among  the  targets,  provided  only  that  no 
weapons  are  wasted  by  being  directed  at  targets  that  are  certain 
to  have  been  destroyed. 

C.  ADDITIONAL  PROPERTIES 

As  is  also  true  for  the  single  target  case,  in  the  multiple 
target  case  the  Prim-Read  deployment  does  not  solve  every  optimi¬ 
zation  problem  arising  from  the  basic  target  defense  model.  The 
following  Example  parallels  Example  (3.15),  to  which  the  reader 
is  referred  for  background  and  comparison. 

(4.16)  EXAMPLE.  In  this  Example  we  consider  an  optimization 
problem  that  stands  in  the  same  relation  to  the  problem  (4.9) 
solved  in  Theorem  (4.8)  as  does  (3.16)  to  the  problem  (3.12) 
solved  in  Theorem  (3.11).  Specifically,  that  problem  is  the 
following;  Let  k  be  a  fixed  positive  Integer,  fix  the  attack¬ 
ing  aide's  resources  at 

A  ■  kv  ■  p(d|J)  , 

and  fix  the  defending  side's  Interceptor  resources  as 
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These  are  the  resources  expended  hy  the  attacking  side  (to 
destroy  all  of  the  targets)  and  required  by  the  defending  side, 
v;hen  the  latter  uses  the  Prim-Read  deployment  d||,.  Then,  con¬ 
sider  the  optimization  problem 


(4.17) 


T  r  a(J)/  (1(11 

minimize  max  I  v(J )  1-  n  (l-q  '"'*^''1 
a  J-1  i-  1-1  V  'J 


s.t  I  a(J )  <  A 
J-1 

P  ( d .  J  ) 

I  d(J,l)  <  - 
1-1 


log  q 


»  0 


1,  .  . . ,  T  . 


In  the  problem  (4.17)  the  defending  side  seeks  a  deployment 
d  that : 

1)  At  each  target  deploys  at  most  as  many  interceptors  as 
does  the  Prim-Read  deployment  d*. 

2)  Minimizes  the  maximum  expected  target  value  destroyed 
when  the  attacking  side  is  able  to  optimize  its  allocation 

a  -  (a(l),  ...,  a(T))  of  attacking  weapons  among  the  targets, 
given  knowledge  of  the  defending  side's  deployment. 

We  observe  that,  in  keeping  with  Assumptions  (1.2a)  and 
(1.2d),  Interceptors  cannot  be  reassigned  to  different  targets. 

We  have  not  been  able  to  solve  (4.17).  However,  consider 
by  analogy  with  Example  (3.15)  the  uniform  deployment  d  given 
for  each  J  by 


(4.18) 


for  1-1,  • • • j  kv(J ) ,  where 


(4.19) 


log  q 
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Is  the  total  number  of  interceptors  deployed  at  target  J,  as 
an  alternative  to  the  Prim-Read  deployment  d<*.  Against  the 
deployment  d,  the  optimal  allocation  of  attacking  weapons 
remains  the  same  as  it  was  against  the  Prim-Read  deployment 
d*,  namely 

(4.20)  a(J)  -  kv(J)  ,  J  -  1,  ...»  T. 

The  optimal  value  of  the  associated  objective  function  is 

/  1 

T  /  r  /  1  \i«v(j) 

(ll.ai)  V(d.a)  - 

By  comparison  with  (3.19)  and  the  subsequent  analysis  we  can 
see  that  as  k  « 

(4.22)  V(d,a)  »  (l-e“®)v 

“  .93v  . 

Therefore,  for  large  values  of  k  we  have 

(4.23)  “  -93  , 

V(d|».a) 

so  that  for  the  problem  (4.17),  the  Prim-Read  deployment  is 
demonstrably  93  percent  as  effective  as  the  uniform  deployment 
d,  as  it  was  in  the  single  target  case. 

On  the  other  hand,  let  us  consider  the  problem  (4.9)  to 
which  d*  is  the  optimal  solution.  The  optimal  objective  func¬ 
tion  value  is 


max 

i£A 


v(A!Lxl.xn 

i 


1 

ic 


For  the  problem  (4.9)  the  uniform  deployment  d  defined  by  (4.18) 


Is  far  from  optimal.  In  fact, 


„a:c 

1<A  ^ 


max 

J 

e 

k 


^  [(kv(j  ))l] 


l/kv(J  ) 


as  k  -►  «.  Moreover,  the  maximum  value  Is  attained  for  1  «  T 
with  one  attacking  weapon  directed  at  each  target. 

One  may  draw  the  same  robustness  conclusion  as  was  valid 
In  the  single  target  case;  cf.  Example  (3.15)*  D 

REMARK.  A  more  sensible  alternative  to  the  problem  (4.17) 

Is  the  problem 

(4.24)  minimize  max  f  v(J)ri-^n^^ 

d  a  j-1  L  1-1  \  /J 

T 

a.t.  I  a(J )  <  A 
J-1 

1(d)  <  I  . 

In  this ' problem,  the  defending  side  Is  constrained  to  the  number 
of  interceptors  required  for  the  Prim-Read  deployment,  but  not  on 
a  target-by-target  basis,  as  was  the  case  in  (4.17).  Since  the 
defense  constructs  the  deployment  from  scratch,  Interceptors  can 
Initially  be  assigned  to  any  target,  even  though  they  may  be  dif¬ 
ficult  to  move  from  target  to  target  thereafter.  One  can  view 
(4.17),  therefore,  as  being  restricted  to  possible  Improvement  of 
an  existing  Prim-Read  deployment.  Unfortunately,  the  problem 

(4.24)  has  been  intractable. 

We  do  wish  to  observe,  however,  that  It  is  a  consequence  of 
Example  (4.l6)  that  dj  Is  not  an  optimal  solution  to  the  problem 

(4.24) .  As  would  be  expected,  d*  is  relatively  less  optimal  for 
the  latter  problem  than  for  the  problem  (4.17),  since  the  only 
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difference  between  the  two  Is  that  (4.24)  has  a  larger  con¬ 
straint  set.  However,  we  have  not  been  able  to  obtain  lower 
bounds  for  this  case  such  as  obtained  in  Example  (3*15). 

D.  CHAPTER  SUMMARY 

This  Chapter  contains  a  development  of  mathematical  opti¬ 
mality  properties  of  Prim-Read  deployments  in  the  multiple 
target  case,  but  under  the  assumption  that  either  all  targets 
are  defended  or  only  targets  of  unit  value  are  left  undefended. 
To  read  the  summary  below,  recall  that  for  each  integer  k  >  1, 
d*  is  the  Prim-Read  deployment  with  scaling  factor  k  (as  given 
in  (2.l4)),  Dj^  is  the  set  of  deployments  with  the  same  total 
of  target  prices  as  dj*  and  interceptor  requirement  not  greater 
than  that  of  d|J,  and  V(d,i)  is  the  target  value  destroyed  by  , 
an  attack,  consisting  of  i  attacking  weapons  that  is  optimized 
against  the  deployment  d.  The  principal  results  of  this  Chapter 
are  then  the  following. 

1)  Theorem  (4.3),  which  asserts  that  if  k  is  fixed,  if 
d  t  Dj^,  and  if  V(d,*)  la  convex  on  the  Interval  C0,p(d|*)], 
then  d  ■  d|*.  That  is,  of  deployments  with  a  prescribed  total 
of  target  prices  (l.e.,  a  prescribed  commitment  of  attacking 
weapons  required  to  destroy  all  of  the  targets)  and  need.lng  no 
more  Interceptors,  only  the  Prim-Read  deployment  entails  a 
convex  payoff  function,  with  the  associated  increasing  returns 
to  scale,  for  the  attacking  side.  Paced  with  such  a  payoff 
function  the  attacking  side  would  choose  to  expend  its  resources 
in  order  to  destroy  the  defended  targets  and  not  divert  those 
resources  to  other  uses. 

2)  Theorem  (4.7),  which  demonstrates  that  for  each  k  the 
Prim-Read  deployment  dj|.  is  the  unique  solution  to  the  optimiza¬ 
tion  problem 


minimize 


1(d) 


s.t.  p(d) 


P(dj) 


<  I  . 

l<r< p ( d ) 


In  physical  terms,  this  result  means  that  subject  to  a  fixed 
total  of  target  prices  and  an  upper  bound  on  target  value 
destroyed  per  attacking  weapon  committed,  the  Prim-Read  deploy¬ 
ment  uniquely  requires  the  fewest  interceptors. 

3)  Theorem  (^1.8),  in  which  is  stated  that  for  each  k  the 
Prim-Read  deployment  d*  is  the  unique  solution  to  the  optimi¬ 
zation  problem 

minimize  max 

l<r  <,p  ( d ) 


s.t' 


d  «  D 


k 


The  interpretation  here  is  that  with  the  total  of  target  prices 
and  the  supply  of  available  Interceptors  fixed,  the  Prim-Read 
deployment  uniquely  minimizes  the  maximum  (over  all  attack 
sizes)  target  value  destroyed  per  attacking  weapon  committed. 
This  property  is  essentially  argument  2)  used  in  Chapter  I,  A 
to  Justify  linearity  of  the  payoff  function  V^. 

4)  Theorem  (4.10),  which  states  that  if  for  an  allocation 
a  of  attacking  weapons  we  define 


V(d,a) 


I  v(J)[l-  ""n'’ Vl-q^^-^ , 
J*1  L  A«1  \  /J 


which  is  the  expected  target  value  destroyed  by  the  allocation 
a,  then  of  all  deployments  in  D,^,  only  the  Prim-Read  deploy¬ 
ment  makes  ^(d,a)  dependent  on  the  allocation  a  only  through 
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its  total  size  a  -  I  a(J).  That  Is,  the  Prim-Read  deployment 

J-1 

d|*  is  characterized  by  its  imposing  on  the  attacking  aide  a 
"uniformity  of  effect,"  in  the  sense  that  the  target  value 
destroyed  is  a  function  only  of  the  number  of  attacking  weapons 
committed  and  not  of  the  way  those  weapons  are  allocated  among 
the  targets. 

5)  The  nonoptimality  statements  gathered  in  Example  (4.16). 
Specif ioally,  it  is  shown  there  that  with  the  two  sides' 
resources  fixed  at  appropriate  Prim-Read  levels,  the  Prim-Read 
deployment  d||,  is  not  a  solution  to  the  optimization  problem 

minimize  V(d,A) 
a . t .  A  -  kv 
p(d.J) 

I  d(j,l)  <  I  d*(J,l)  ,  J  -1,  ...,  T*. 

1-1  i-1  ^ 

That  is,  with  no  reassignment  of  interceptors  from  target  to 
target  permitted,  the  Prim-Read  deployment  does  not  minimize 
the  expected  target  value  destroyed  by  an  optimized  attack. 
However,  the  Prim-Read  deployment  is  robust  in  the  sense  that 
it  is  nearly  as  effective  as  the  uniform  deployment;  by  com¬ 
parison  the  uniform  deployment  is  far  from  optimal  for  the 
problems,  cf.  2)  and  3)  Just  above,  to  which  the  Prim-Read 
deployment  is  the  optimal  solution. 

As  a  consequence  of  the  results  noted  In  5),  the  Prim-Read 
deployment  is  not  an  optimal  solution  to  the  corresponding 
problem  in  which  interceptors  may  be  reassigned  from  one  target 
to  another. 

We  emphasize,  In  concluding  this  Chapter,  that  In  the  dis¬ 
cussion  herein,  essentially  all  targets  have  been  defended. 

In  reality,  however,  the  defending  side  will  possess  insufficient 
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interceptor  resources  to  defend  all  (or  probably  even  moat)  of 
the  targets.  It  must,  therefore,  leave  many  targets,  generally 
not  all  of  the  same  value,  undefended.  The  choice  problem 
faced  by  the  defending  side  thus  becomes  yet  more  complicated. 
The  target  defense  principle  discussed  in  Chapter  I,  A  provides 
a  basis  for  choosing  which  targets  to  defend  and  a  partial  basis 
for  deciding  how  to  defend  them.  The  next  Chapter  la  devoted  to 
exploration  of  the  consequences  and  implications  of  this  very 
Important  principle. 
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Chapter  V 


CONSEQUENCES  OF  THE  TARGET  DEFENSE  PRINCIPLE 

As  observed  In  Chapter  I,  the  important  practical  problem 
in  nationwide  target  defense  concerns  the  case  when  many  tar¬ 
gets,  almost  always  of  differing  values,  must  be  left  undefended. 
The  discussion  in  Chapter  IV  did  not  include  this  case;  there 
we  assumed  that  either  all  targets  were  defended  or  only  targets 
of  unit  value  were  left  undefended.  In  this  Chapter  we  discuss 
in  detail  properties  of  Prim-Read  deployments  when  there  are 
many  undefended  targets  and  when  the  target  defense  principle 
is  assumed  to  be  satisfied.  We  obtain  not  only  results  analo¬ 
gous  to  those  of  Chapter  IV  but  also  some  additional  results. 


A.  GENERAL  DISCUSSION 

Before  presenting  the  mathematical  results  of  this  Chapter, 
we  will  discuss  the  target  defense  problem  in  fairly  general 
terms,  but  more  mathematloally  than  In  Chapter  I,  A.  At  this 
point  we  refer  the  reader  to  Figure  4,  which  depicts  several 
payoff  functions  corresponding  to  different  defensive  deploy¬ 
ments.  Recall  that 


V(d,l) 


max 

a:a«l 


T 

I 

.1-1 


v(J) 


which  is  the  maximum  expected  target  value  that  can  be  destroyed 
by  commitment  of  i  attacking  weapons.  To  obtain  the  payoff 
V(d,i),  the  attacking  side  optimizes  Its  allocation  of  weapons 
among  targets  given  knowledge  of  the  deployment  d. 

In  Figure  4a  we  show  the  pt^yoff  function  V(0,O  corres¬ 
ponding  to  the  case  when  no  targets  are  defended  ("0"  denotes 
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I 


c.  MORE  TAKfiETS  DEFENDED 


Figure  4.  POSSIBLE  PAYOFF  FUNCTIONS 


the  deployment  which  deploys  no  interceptors).  This  payoff 
function  Is  strictly  concave  on  since  when  there  Is  no 

defense  (and  attacking  weapons  are  assumed  to  be  reliable)  the 
attacking  side's  optimal  response  is  to  destroy  the  targets  In 
order  of  decreasing  value.  To  maximize  target  value  destroyed, 
the  attacking  side  commits  as  many  weapons  as  possible,  whereas 
to  maximize  target  value  destroyed  per  attacking  weapon  com¬ 
mitted,  the  attacking  side  should  commit  only  one  weapon 
(directed  at  the  most  valuable  target,  of  course). 

The  payoff  functions  shown  In  Figures  4b  and  4c  arise  when 
some  targets,  but  not  all,  are  defended  using  a  Prim-Read  deploy¬ 
ment  constructed  in  the  manner  described  below  in  this  Chapter. 

In  Figure  4c,  more  targets  are  defended  than  in  Figure  4b.  For 
both  Figures  1**  is  the  number  of  attacking  weapons  necessary  to 
destroy  all  of  the  initially  defended  targets.  Details  of  the 
construction  of  Prim-Read  payoff  functions  will  be  given 
presently . 

Underlying  the  defending  side's  choice  of  which  targets 
to  defend,  and  how  to  deploy'  Interceptors  at  each  defended 
target,  is  the  target  defense  principle  put  forth  in  Chapter  I, 
which  we  restate  here. 

TARGET  DEFENSE  PRINCIPLE,  a)  Targets  must  be  defended 
in  order  of  decreasing  value. 

b)  If  a  target  is  initially  defended,  then  up  to  the  point 
at  which  it  la  destroyed  with  certainty,  the  expected  target 
value  destroyed  by  an  attacking  weapon  directed  at  it  must  be 
greater  than  or  equal  to  the  value  of  every  initially  undefended 
target . 

The  rationale  for  the  target  defense  principle  is  that  if 
■defensive  resources  are  to  be  expended,  it  must  be  in  such  a 
manner  that  the  attacking  side  be  forced  to  commit  its  weapons 
to  defended  targets  rather  than  undefended  targets,  at  least 
up  to  the  point  that  all  defended  targets  are  destroyed. 
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In  more  mathematical  terms,  both  parts  of  the  target 
defense  principle  may  be  combined  into  the  following  statement: 
a  deployment  d  satisfies  the  target  defense  principle  if  when¬ 
ever  p(d,J)  >  1  (l,e.,  target  J  is  initially  defended)  and 
P(d,J')  ■  1  (target J '  is  not  defended),  then 


v(J ’ )  <  v(J )p(d,J ,1) 


v(J  )  V 


q 


d(J,i) 


for  1  ■  1,  ...,  p(d,J).  Recall  that  p(d,J,i)  is  the  probability 

V 

that  target  J  is  destroyed  by  the  1  attacking  weapon  directed 
at  it.  In  particular,  v(j*)  <  v(J),  which  is  the  first  part  of 
the  target  defense  principle. 


Por  further  discussion  of  the  target  defense  principle  we 
refer  to  Chapters  I  and  VIII  and  to  references  [15 >19]* 

Figures  4b  and  4c  represent  the  payoff  functions  of  Prim- 
Read  deployments  that  satisfy  the  target  defense  principle; 
these  payoff  functions  are  linear  up  to  the  point  at  which 
all  of  the  defended  targets  are  destroyed  and  thereafter  coinci¬ 
dent  with  a  translated  portion  of  the  payoff  function  from  the 
undefended  case.  To  respond  optimally  to  a  Prim-Read  deploy¬ 
ment,  the  attacking  side  should  destroy  the  defended  targets 
in  an  arbitrary  order  and  then  destroy  the  undefended  targets 
in  order  of  decreasing  value. 


The  more  targets  are  defended,  the  lower  the  slope  of  the 
linear  segment  of  the  payoff  function,  which  is  Illustrated  by 
comparing  Figures  4b  and  4c.  In  fact,  there  are  three  ways  in 
which  the  defending  side's  choice  of  a  Prim-Read  payoff  function 
can  be  Interpreted: 


(1)  choice  of  which  targets  to  defend; 

(2)  specification  of  the  slope  of  the  linear  segment  of 
the  payoff  function; 


(3)  specification  of  the  number  of  attacking  weapons 
required  to  destroy  all  of  the  defended  targets. 

We  will  describe  how  to  construct  a  Prim-Read  payoff 
function  based  on  each  of  these  three  methods  of  choice. 

For  the  first  method  of  construction,  baaed  on  choosing 
which  targets  to  defend,  we  refer  the  reader  to  Figure  5.  If 
V(0,‘)  denotes  the  payoff  function  for  the  undefended  case, 
then  the  procedure  is  the  following: 

1)  According  to  the  target  defense  principle,  the  defended 
targets  must  be  the  1^^  moat  valuable  targets  for  some  1^  <  T 
(T  is  the  total  number  of  targets). 


m  0 


l-ll-Tf-ll 


Figure  5.  CONSTRUCTION  OF  PRIM-READ  PAYOFF  FUNCTION 
BY  SPECIFYING  DEFENDED  TARGETS 
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2 )  L©'^; 


-  VCO.lj,)  . 

Which  Iss  the  total  value  of  the  targets  to  be  defended. 

3)  The  Prim-Read  payoff  function  Is  to  be  linear  on  the 
Intei'val  [0,1**],  where  1*  is  the  (yet  to  be  determined)  number 
of  attaclclng  weapons  needed  to  destroy  the  defended  targets. 

By  the  target  defense  principle,  the  slope  of  the  linear 
segment ,  namely 


must  be  greater  than  or  equal  to  the  slope  of  V(0,*)  at  1^. 
This  la  because  the  payoff  function  V(d*,0  for  the  Prim-Read 
deployment  will  be  a  translation  of  V(0,,  •)  once  all  the 
defended  targets  are  destroyed.  Hence  we  must  have 

3  >  V’(0,1^)  , 

where  the  prime  denotes  differentiation.  The  defending  side 
will  now  choo.se  1*  as  large  as  possible  but  such  that 


■fir  >  V’(0,i^)  . 

Ignoring  possible  discreteness  difficulties,  it  will  be  possible 
for  the  defending  side  to  take 


■'*  "  vTO'iT  * 

which  completes  det elimination  of  the  Prim-Read  payoff  function. 
Specifically,  the  Prim-Read  payoff  function  is  then  given 
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on  [0,i**] 
on  (I**,*)  , 


V(d»,i)  -  1V'(0,13_) 

where  1*  •  v^/V*(0,l^).  One  mu8t  then  derive  a  deployment  having 
this  payoff  function,  which  we  do  in  Section  B  below. 

The  second  construction  of  Prim-Read  deployments  requires 
first  specifying  the  slope  of  the  linear  segment;  this  is  illus¬ 
trated  in  Figure  6.  The  procedure  to  be  used  is  the  following: 


V(0.»)-MVOPP  NMCnON  WMIM 
MO  TMMn  AM  mmou  ^ 


tLMn.iV 


I.  NTIAl  CONtTMJCnOM 


k.  mALMHULT 


Figure  6.  CONSTRUCTION  OF  PRIM-REAl)  DEPLOYMENT  BY 
SPECIFYING  SLOPE  OF  THE  LINEAR  SEGMENT 
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1)  Let  be  the  prescribed  slope  of  the  linear  segment. 
By  strict  concavity  of  V(0.‘)  there  Is  at  most  one  point  1^ 
such  that 


V'(0,1^)  -  s*  . 

If  there  is  no  such  point,  it  is  impossible  to  construct  a 
Prim-Read  deployment  for  which  the  linear  segment  has  slope  s*. 

2)  If  there  exists  a  unique  1^  such  that  V'(0,1-^)  ■  s*, 
then  the  1^  most  valuable  targets  must  be  defended  and  the 
remainder  of  the  construction  follows  the  preceding  case. 
Alternatively,  as  shown  in  Figure  6,  one  takes  the  linear 
portion  to  the  left  of  i^  and  V(0,*)  to  the  right  of  1^  and 
translates  this  graph  to  the  right  until  the  linear  segment 
passes  through  the  origin.  The  flatter  the  linear  segment 
the  more  translation  and  the  greater  the  commitment  of  attack¬ 
ing  weapons  required  to  destroy  the  defended  targets. 

The  final  method  for  constructing  a  Prim-Read  deployment 
involves  specification  of  the  commitment  1*  of  attacking  wea¬ 
pons  necessary  to  destroy  the  defended  targets,  and  is  carried 
out  as  follows: 

1)  By  concavity  of  V(0,')  there  is  at  most  one  point  i^ 
such  that 

V(0,1t  ) 

’■*  ■  ■ 

If  there  is  no  such  point,  it  is  impossible  to  construct  a 
Prim-Read  deployment  with  the  prescribed  value  of  1*. 

2)  If  there  is  such  a  point  1^,  proceed  as  in  the  two  pre¬ 
vious  constructions,  defending  the  1^  most  valuable  targets. 

The  reader  will  observe  that  all  three  procedures  yield 
payoff  functions  of  the  same  form;  they  differ  based  on  what  is 
pi'escrlbed  at  the  start  by  the  defending  side.  Some  other 
relevant  points  are: 
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1)  The  amount  by  which  target  value  destroyed  is  decreased 

relative  to  the  undefended  case,  i.e.,  the  difference  V(0,i)  - 
V(d*,i),  initially  increases  in  i  until  it  attains  its  mwixlmum 
at  1  1^  and  thereafter  de-^.r<.ass3  to  zero  as  1 

2)  The  more  targets  the  defending  side  has  the  resources 
to  defend  (or,  equivalently,  the  flatter  the  linear  segment  of 
the  payoff  function,  or  the  greater  the  commitment  of  attacking 
weapons  needed  to  destroy  all  of  the  defended  targets),  the 
greater  the  decrease  relative  to  the  undefended  case. 

3)  For  Prim-Read  deployments  the  maximum  value  of 
VCd’^,!)/!  is  attained  for  all  1  «  [0,1^*].  The  attacking  side, 
if  it  seeks  to  maximize  target  value  destroyed  per  attacking 
weapon  committed  and  if  destroying  more  targets  is  preferred  to 
destroying  fewer,  will  then  expend  the  resources  required  to 
destroy  all  of  the  defended  targets,  but  will  not  attack  any  of 
the  undefended  targets. 

As  a  final  point,  we  observe  that  when  there  are  undefended 
targets,  there  is  no  arbitrariness  in  the  choice  of  target  prices, 
as  there  was  in  the  unspecified  scaling  parameter  k  of  Definition 
(2.11).  The  prices  of  the  defended  targets  are  made  as  large  as 
possible  without  violating  the  target  defense  principle. 

B.  MATHEMATICAL  RESULTS 

Before  presenting  our  principal  mathematical  results,  we 
motivate  them,  and  also  illustrate  the  target  defense  principle, 
by  means  of  an  example. 

(5.1)  EXAMPLE.  Let  there  be  four  targets  with  lvalues  v(l)  ■  8, 
v(2)  «  4,  v(3)  ■  2,  v(4)  ■  1  and  suppose  that  q  ■  0.8.  We  will 
determine  Prim-Read  deployments  for  various  choices  of  defended 
targets  and  also  the  associated  required  numbers  of  interceptors. 
In  accordance  with  the  target  defense  principle,  the  targets  must 
be  defended  in  order  of  decreasing  value,  i.e.,  in  the  order 
1,2, 3, 4. 
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If  only  target  1  is  defended  using  a  Prim-Read  deployment 
d**,  then  in  order  to  satisfy  the  second  part  of  the  target 
defense  principle,  its  price,  p(d**,l),  must  be  (less  than  or) 
equal  to  2.  Each  of  the  first  two  attacking  weapons  directed 
at  it  then  yields  an  expected  target  value  destroyed  equal  to  4, 
which  is  the  value  of  the  most  valuable  undefended  target.  To 
Implement  the  resultant  Prim-Read  deployment  requires  3.11 
Interceptors. 

Suppose  now  that  (only)  targets  1  and  2  are  to  be  defended. 
To  satisfy  the  target  defense  principle,  d*  must  now  satisfy 


p(d»,2) 


v(2) 


to  maintain  parity  between  targets 
now  defended,  we  must  also  have 

_  v(l 

“  ^ 


-  2 


1  and  2,  both  of  which  are 


P(d*,2) 


The  interceptor  requirement  becomes  17.35. 

If  target.^  1,  2  and  3  are  to  be  defended,  which  corresponds 
to  k  ■  1  in  the  notation  of  Definition  (2.11),  then  the  prices 
must  be 

p(a*,3)  -  ■  2  , 

p(d»,2)  -  ^  ■  “t 

and 

p(clM)  •  -  B  ; 

the  Interceptor  requirement  is  64.87. 

If  more  than  65  Interceptors  are  to  be  used  in  a  Prim-Read 
deployment,  then  target  4  must  be  defended  before  additional 
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We  now  proceed  to  a  precise  definition  of  Prim-Read  deploy¬ 
ments.  Suppose  that  there  are  targets  1,  . . . ,  T  of  respective 
integer  values  v(l),  v(T),  so  that 


(5.2)  v(l)  >  v(2)  >...>  v(T-l)  >  v(T)  >  1  , 


and  that 

(5.3) 


m. 


v(l) 

v(l+l) 


is  a  positive  Integer  for  1-1,  ...»  T  -  1.  While  the  assump¬ 
tion  (5.2)  Is  not  restrictive,  the  assumption  (5.3)  ls»  however, 
we  have  been  unable  to  avoid  it  in  some  form.  Its  usefulness 
will  become  apparent  momentarily  and  ways  of  minimizing  its 
undesirable  effects  will  be  discussed  below. 

By  analogy  with  Definitions  (2.4)  and  (2.11)  we  propose 
the  following. 


(5.4)  DEFINITION.  Suppose  that  Jq  <  T.  A  deployment  d*  is  a 
Pfim-Read  daploymtnt  defending  targets  1,  ...,  provided 


a)  pCdSJ  )>  2  for  .1  -  1,  . . .  ,  JqJ 

b)  p(d<‘,J)  -  1  for  J  -  Jg  +  1,  .  ..  ,  T; 

c)  If  J  <  Jq.  then 

^0 

I  v()l) 

(5.5)  v(J)p(d*,J,i)  -  - 

‘JQ 

I  p(d*,Z) 

i-l 


for  1-1,  . . . ,  p(d»,,J  )  j 

d)  If  J  1  Jg  ^  then 

(5.6)  v(J )p(d«,J ,1)  >  v(Jg+l)  . 
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Some  comments  are  in  order  before  we  explore  the  conse¬ 
quences  of  Definition  (5.4). 

1)  A  Prim-Read  deployment  d*  satisfies  the  target  defense 
principle.  By  (5.2)  the  more  valuable  targets  are  defended  and 
the  less  valuable  target. s  left  undefended.  The  second  part  of 
the  target  defense  principle  is  expz'essed  by  (5.6):  the  expected 
yield  from  an  attacking  weapon  directed  at  a  defended  target,  up 
to  the  point  where  destruction  of  the  target  is  certain,  exceeds 
the  value  of  the  most  valuable  undefended  target. 

2)  Although  (5.6)  is  stated  as  an  inequality,  (5.3)  will 
allow  us  to  construct  deployments  for  which  it  holds  as  an 
equality . 

3)  The  condition  (5.5)  is  the  Prim-Read  equalization  . 
criterion  appearing  in  operationally  different,  but  conceptually 
identical,  form  in  (2.5)  and  (2.12)  above  and  in  (7.1 )»  (7.10) 
and  (7.15)  below.  Given  that  targets  1,  ...,  Jq  are  defended 

by  a  deployment  d, 

i*  ■  I  p(d,i!.) 

£-1 

is  the  number  of  attacking  weapons  needed  to  destroy  them, 
while 


^  0 
V,  -  I  v(Z) 

A-1 

is  the  total  of  their  values.  Therefore  the  ratio  v^/1*  is 
the  target  value  destroyed  per  attacking  weapon  committed  to 
the  defended  targets,  and  (5.5)  stipulates  that  each  such 
attacking  weapon  have  this  as  its  yield. 

4)  Against  a  Prim-Read  deployment,  the  attacking  side's 
optimal  response  is  to  first  destroy  the  defended  targets  and 
then  destroy  the  undefended  targets  in  order  of  decreasing 
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value.  Consequently,  the  payoff  function  V(ci*,*)  Is  given  by 


A 

V, 

V(d*‘,i)  -  i  JF  for  1  <  i  <  i** 

«  I  vil)  for  i  >  i*. 

i-l 

That  is,  the  payoff  function  is  a  linear  segment  followed  by  a 
translated  portion  of  the  undefended  case  payoff  function  and 
is  of  the  form  discussed  in  Chapters  I, A  and  V,A  above. 

The  following  analogue  of  Theorems  (2.6)  and  (2.13)  can 
be  proved  using  our  earlier  methods,  so  we  omit  a  derivation. 

(5.7)  THEOREM.  For  each  Jq  <  T  there  exists  a  Prim-Read 
deployment  d*  defending  targets  1,  ...,  T,  which  is  given  by 

(5.8)  d*(J,i)  -  - 

i»l, . . . ,n(J ) , 

where  n(J)  •  v( J )/v( J q+1) ,  which  is  an  integer  by  (5.3).  Pof 
this  deployment,  (5.6)  holds  as  an  equality  for  each  J  and  1. 

In  particular,  we  have  p(d*,J)  •  n(J)  for  J  "  1,  ...,  Jq, 
so  that  target  prices  for  defended  targets  are  proportional  to 
target  values.  Also,  the  Interceptor  requirement  is 

Jo 

■  -  isH  jSi  ■ 

As  noted  in  the  statement  of  (5.7),  the  deployment  d*  given 
by  (5.8)  satisfies  (5.6)  as  an  equality,  which  makes  it  the  maxi' 
mally  strong  Prim-Read  deployment  defending  targets  1,  ...»  Jq 
and  satisfying  the  target  defense  principle. 

Our  first  optimality  result  is  analogous  to  Theorem  (4.8). 


(5.9)  THEOREM.  Let  Jq  <  T  be  fixed  and  let  d*  be  the  Prim- 
Read  deployment  given  by  (5-8).  Then  d*  is  the  unique  solution 
to  the  optimization  problem 


(5.10) 


minimize 


max 

l<r£p(d*)  ^ 


s.t.  1(d)  <  I(d*)  . 


Before  proving  Theorem  (5.9)  we  point  out  that  the  con¬ 
straint  does  not  include  a  requirement  that  d  defend  precisely 
the  targets  1,  JqJ  however,  we  will  show  that  any  optimal 

solution  to  (5.10)  has  this  property. 

PROOF.  We  observe  first  that,  from  (5.6), 

max  -  v(Jq+1). 


It  will  be  shown  that  if 


(5.11) 


.max 


<  v(j-+l)  , 


c 


then  d  ■  d*,  which  suffices  to  establish  unique  optimality  of  d* 
for  the  problem  (5.10). 

We  begin  by  showing  that  if  d  satisfies  (5.11),  then 
p(d,J)  -  p(d*,J)  for  all  J  -  1,  ...»  T.  First  of  all,  if 
p(d,J)  <  p(d*,J)  for  some  J  1  Jq  then 

pCd.jS  -  p(d.j) 


which  contradicts  (5.11).  Therefore  p(d,J)  ^  p(d*,J)  for  all 
J;  in  particular,  p(d,J)  >  1  for  J  £  Jq. 

On  the  other  hand,  if  p(d,J)  >  p(d*,,l)  for  some  J,  then 
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d(J,p(d»,J))  >  0  -  d«(J,p(dSJ)), 


30  that  In  order  that  the  constraint  in  (5.10)  not  be  violated 
there  must  be  h  with  1  ^  h  5.  J  q  that 


(5.12) 


p(d«,h)-l  p(d»*.h)-l 

{  d(h,l)  <  I  d<‘(h,i)  . 
i-1  1-1 


However,  (5.12)  implies  that 

which  again  contradicts  (5*11).  Consequently,  p(d,J)  -  p(d*,J) 
for  all  J . 

It  remains  to  show  that 
(5.13)  d(J,i)  -  d»(J,l) 

for  1  <  J  i  Jq  and  1  <  1  i  P(d«.j').  Since  1(d)  <  I(d»)  either 

p-(d».J)-l  p(d»  J)-l 

(5.14a)  {  d(J,l)  -  I  d*'(J,l) 

i«l  1-1 

for  all  J  1  Jq  inhere  exists  ycme  h  for  which 

p(d*.h)-l  p(d»,h)-l 

(5.14b)  t  d(h,l)  ■<  I  d*(h,l)  . 

1-1  I’l 


If  (5.14b)  were  true,  the  argument  of  the  preceding  paragraph 
could  be  applied  to  yield  a  contradiction  to  (5.11).  Therefore, 
(5.14a)  holds  for  each  J  and  Theorem  (3.11)  may  now  be  Invoked 
to  conclude  that  (5-13)  la  satisfied.  Q 

Consequently,  when  (5.3)  holds,  in  order  to  minimize  the 
maximum  target  value  destroyed  per  attacking  weapon  committed, 
the  defending  side  should  Implement  a  Prim-Read  deployment. 


If  I  Is  the  supply  of  available  interceptors,  the  defending  side 
would  then  choose 

(5.15)  Jq  -  max{J:  I(d»)  <  1}  . 

If  Jq  <  T,  targets  1,  Jq  would  be  defended  using  the 

deployment  d*  given  by  (5.8).  If  Jq  ■  T,  then  all  targets  can 

be  defended,  which  can  be  done  using  a  Prim-Read  deployment  as 

described  in  Chapters  II  and  IV. 

\ 

To  circumvent  the  nondiscreteness  difficulties  that  are 
excluded  by  (5.3)  but  clearly  do  arise  In  reality,  one  could 
do  the  following: 

1)  Determine  Jq  by  (5.15). 

2)  Take 

p(d»,jQ)  -  raax{k:  v(Jq)  >  1cv(Jq+1)> 

as  the  price  of  target  Jq. 

3)  For  J  <  Jq  take  either 

p(d»,J)  "  v(J )  >  Av(Jq+1)} 

or  (by  backward  recursion) 

p(d*,J)  -  max{Jl;  v(J)  ^  ilv(J+l)}  p(d*»,J+l)  . 

The  first  of  the  two  methods  In  step  3)  places  greater 
emphasis  on  (5.6),  the  target  defense  principle,  and  the  second, 
greater  emphasis  on  (5.5),  the  Prim-Read  equalization  criterion. 
Although  we  have  not  Investigated  the  question  in  detail,  we 
suspect  that  the  Theorems  of  this  Chapter  remain  approximately 
true  for  such  deployments. 

In  order  to  choose  a  Prim-Read  deployment  that  forces 
expenditure  of  a  known  stockpile  Aq  of  attacking  weapons,  the 
defending  side  would  proceed  In  the  following  manner  (assuming 


that  (5.2)  and  (5*3)  are  satisfied)! 


1)  If  there  exists  Jq  <  T  such  that 


(5.16a) 


ji  <  7°  y(J) 

°  -  j-i  ’ 


then  Implement  the  Prim-Read  deployment  d*  that  defends  targets 
1»  ..*>  Jq»  which  is  given  by  (5.8). 


2)  If 


(5.16b) 


then  implement  the  Prim-Read  deployment  that  defends  targets 
1,  ...»  T  -  Ij  the  last  attacking  weapon  will  be  used  on  the 
undefended  target  T. 


3)  If 


(5.l6o) 


T 

^  >  I 

°  J-1 


then  all  targets  must  be  defended,  and  a  Prim-Read  deployment 
may  be  chosen  as  described  in  Chapter  II. 

It  was  demonstrated  in  Theorem  (4.8)  and  Example  (4,l6)  that 
when  all  targets  are  defended,  Prim-Read  deployments  do  not 
solve  optimization  problems  in  which  the  ob,leotlve  function  la 
target  value  destroyed,  whereas  they  do  solve  problems  in  which 
the  objective  function  is  target  value  destroyed  per  attacking 
weapon  committed.  Specifically,  for  problems  of  the  forms 
(4.17)  and  (4.24)  Prim-Read  deployments  are  not  optimal.  There¬ 
fore,  it  is  of  interest  to  examine  the  same  sorts  of  questions 
for  the  situation  to  which  this  Chapter  is  devoted. 


It  will  be  shown,  in  Theorems  (5.17)  and  (5.32),  that  when 
the  target  defense  principle  Is  assumed  to  hold,  the  following 
properties  are  valid; 

a)  Prlm~Read  deployments  minimize,  in  most  cases  uniquely, 
expected  target  value  destroyed  by  an  atjtack  that  is  not  suffi¬ 
ciently  large  that  it  exhaust  the  Prim-Read  defenses. 

b)  There  exists  a  deployment  with  the  same  interceptor 
requirement  as  the  Prim-Read  deployment  that  is  uniformly  better 
(l.e.,  has  a  smaller  payoff  function)  for  all  attack  sizes 
between  the  Prim-Read  exhaustion  point  and  the  point  (against 
the  Prim-Read  deployment)  at  which  all  the  targets  are  destroyed, 
and  which  also  satisfies  the  target  defense  principle. 

The  following  result  is  one  of  the  most  important  results 
in  this  paper;  together  with  Theorem  (5.32)  it  conclusively  and 
unambiguously  delineates  optimality  properties  of  Prim-Read 
deployments  as  a  function  of  the  number  of  attacking  weapons 
committed. 

(5.17)  THEOREM.  Let  Jq  <  T  be  fixed  and  let  d*  be  the  Prim- 
Read  deployment  given  by  (5.6).  Assume  that  for  each  J  ^  ^0 
there  is  a  positive  integer  n(J  )  such  tii?t  v(J  )  ■  n(,1  )v( J ^-M) . 
Then  for  each  A  such  that 

'’o  J  0 

A  <  I  n(J )  -  I  p(d*,J )  , 

J-1  J-1 

the  Prim-Read  deployment  d*  is  a  solution  to  the  optimization 
problem 

(5.18)  minimize  max  ?  v(J  )  [l-'^n'^ 

a;a<A  J-1  '  'J 

a..t.  I(d)<I(d») 

(5.19)  v(J)p(d,J,l)  >  vCJg+l)  ,  J-1,...,Jq  ; 

1-1, . . . ,p(d,J )  . 
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If  A  >  n(l)  -  1,  then  the  Prim-Read  deployment  d**  Is  the  unique 
solution  to  •( 5 . 18 ) . 


I 


As  indicated  symbolically  in  (5*18),  the  maximization  there 
is  over  all  allocations  a  ■  (a(l) » . . . ,a(T) )  of  attacking  weapons 
among  the  targets  for  which 

T 

a  "  I  a(J )  <  A  ; 

J-1 

of  course,  a  ■  A  for  the  maximizing  allocation  a. 

The  Interpretation  of  Theorem  (5.17)  is  that,  given  a 
choice  of  which  targets  are  to  be  defended  and  if  the  target 
■defense  principle  must  be  satisfied,,  then  the  Prim-Read  deploy¬ 
ment  minimizes  the  expected  target  value  destroyed,  provided 
that  the  number  of  attacking  weapons  not  be  more  than  that 
required  to  destroy  all  of  the  defended  targets.  If  the  attack 
size  is  large  enough  to  exhaust  the  Prim-Read  defense  at  the 
most  valuable  target  (and  hence  at  any  defended  target),  the 
Prim- Road  deployment  la  uniquely  optimal. 

Wo  now  give  the  proof  of  Theorem  (5.17). 


PROOF  of  THEOREM  (5.17).  To  establish  optimality  of  d*  for  the 
problem  (5.18),  the  following  computation  suffices:  if  d  satis¬ 
fies  the  constraints  there,  then 


ijiar.  I  v(J) 
a<_A 


1- 


T  a(  J ) 

max  I  v(J )  I  p(d,J ,«.) 
J-1  A-1 


T  a 
i  max  I 


J-1  a«i 


I  v(Jo+l) 


[by  (5.19)] 


v(Jjj'M)A 
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O 


max 
a  J 


We  now  prove  uniqueness  under  the  assumption  that 


(5.20) 


A  ^  n(l)  -  1  ■  (  max  n(J))  -  1  . 


To  this  end,  observe  first  that  the  proof  of  Theorem  (5- 9)  shows 
that  If  d  satisfies  the  constraints  of  (5.18)  then 


P(d,j)  <  n(J)  , 


.1  “1  »  .  •  .  »  J  Q  1 


,d(J.M  >  1  . 


n(J)-il+l 


J"*!, .  .  .  ,Jq  , 
t-1, . . . ,p(d,J )  . 


For  each  target  J,  either  (5.19)  holds  with  equality  for 
1  ■  1,  n(J),  in  which  case 

p(d,J )  ■  n(J ) 


diiA)  -  d*(J,A) 

for  H  ■  1,  ....  n(J),  or  else  there  Is  1q  (depending  on  J)  such 
that 


(5.21) 


v(J )p(d,J ,lg)  >  v(Jq+1) 


and  such  that  no  smaller  value  of  1  satisfies  (5.21).  If  we  put 

P(dJ,ll)  -  1  -  n  d-q'^^-^*^^)  , 
r»l 


which  Is  the  probability  of  destruction  of  target  J  by  one  of 
the  first  Z  attacking  weapons  directed  at  It,  then  we  may  Infer 


as  fell- 


from  (5.21)  that 


v(J)P(d,J,Jl)  -  iv(jQ+l) 
for  while 

v(J)P(d,J,lQ)  >  1qV(Jq+1)  . 

In  order  that  the  target  defense  principle  (5.19)  remain  satis¬ 
fied,  we  must  then  have 

v(J)P(d,J,l)  >  )i.v(jQ+l) 

for  all  A  _>  1q,  which  is  possible  only  If 

p(d,J )  <  n(J )  . 

Suppose  now  that  d  d*  satisfies  the  constraints  of 
(5.18)  and  that  (5.20)  holds.  It  follows  from  the  preceding 
paragraph  that  there  Is  some  J  £  Jq  such  that 

p(d,J )  <  n(J )  -  1  . 

i 

Consequently,  with  A  weapons  the  attacking  side  can  destroy 
strictly  more  target  value  than  against  the  Prim-Read  deploy¬ 
ment  by  destroying  target  J  with  (at  moat)  n(J  )  -1  shots  and 
then  destroying  one  of  the  undefended  targets.  Therefore, 

T 

max  I  v(J  )P(d,j  ,a(J  ) )  >  Av(Jr.+l)  » 
a  J-1  ° 

which  completes  the  proof  of  the  uniqueness  assertion.  [] 

REMARK.  In  response  to  the  question  whether  the  assumption 
(5.20)  Is  essential  for  uniqueness.  It  Is  easy  to  answer  in  the 
affirmative.  For  example,  if  T  •  3  with  v(l)  “  8,  v(2)  »  4  and 
v(3)  ■  1  and  If  Jq  “  2  then  we  have  n(l)  -  8  and  n(2)  ■  4.  The 
deployment  d  given  by 
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d(2,l) 


log  4 
log  q  ’ 

and 

d(2,2)  »  0 

satisfies  the  target  defense  principle  and  also  has  the  property 
that 

max  I  v(J)  1-  «  1 

a-1  j  L  2,-1  \  /J 

and  therefore  d*  is  not  the  unique  solution  to  (5.19)  when 
A  -  1  <  max  {n(J )-!}  , 

JUo 

Yet  another  optimization  problem  of  interest  is  uniquely  , 
solved  by  the  Prim-Read  deployment  when  the  target  defense 
principle  is  assumed  to  be  satisfied:  Prim-Read  deployments 
uniquely  maximize  the  number  of  attacking  weapons  that  must  be 
committed  in  order  to  destroy  the  defended  targets.  We  state 
this  property  next,  but  omit  the  proof,  which  is  rather  lengthy 
and  tedious,  albeit  straightforward. 

(5.22)  THEOREM.  Let  Jq  <  T  be  fixed  and  assume  that  for 
each  J  <,  Jq  there  is  a  positive  Integer  n(J)  such  that  v(J )  - 
^(o )v(Jq+1) .  Then  the  Prim-Read  deployment  d*  given  by  (5.8) 
is  the  unique  solution  to  the  optimization  problem 

(5.23)  maximize  I  p(d,J) 

J-1 
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I, 


(5.24)  S.t.  v(j)p(d,j,l)  >  v(Jq+1), 

1*1, . . . ,p(d,J  ) . 

Here  the  target  defense  principle  is  embodied  In  the 
constraint  (5.24). 


REMARKS.  1)  One  motivation  for  Theorems  (5.17)  and  (5.22) 
was  an  attempt  to  discover  to  what  extent  the  target  defense 
principle  alone  determines  the  form  of  a  deployment  d.  The 
constraint  (5.24),  i.e.,  the  second  part  of  the  target  defense 
principle.  Implies  that 

(5.25)  P(d,J)  <  n(J) 

and 


(5.26) 


-  log  q 


for  J  <.  Jq  and  I  <  p(d,J).  (Incidentally,  the  first  part  of 
the  target  defense  principle  Is  embodied  in  our  labeling  the 
targets  In  order  of  decreasing  value. ) 


It  Is  easy  to  show  that  there  exist  deployments  satisfying 

(5.25)  and  (5.26)  that  are  not  Prim-Read  deployments.  To  con¬ 
sider  a  specific  example,  let  T  -  3  with  v(l)  ■  8,  v(2)  ■  4, 
v(3)  ■  1  and  let  ■  2.  Then  n(l)  ■  8  and  n(2)  ■  4.  One 
deployment  satisfying  (5-25)  and  (5.26),  and  not  of  Prim-Read 
form.  Is  given  by 


d(l,l)  .  1 

2 

q'^(2,l) 

d(l,2)  ^  1 

“  I 

qd(2,2) 

d(l,3)  .  1 

2 

d(l,4)  _  ^ 

qd(2,3) 

1 

3 

4 
9 


1  . 
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Verification  of  (5»25)  and  (5*26)  Is  easy;  the  associated  inter¬ 
ceptor  requirement  is  1(d)  -  17.876.  Against  this  deployment 
the  attacking  side  should  commit  Its  weapons  against  the  targets 
In  the  order  1,1, 2, 2, 2, 1,1, 3. 

The  deployment  d  given  by 

.  I  ,d(2.1)  .  3, 

,4(1.25  .  i  ,4(2,2)  .  1 

,4(1.3)  .  1 

,d(1.4)  .  ^ 

also  satisfies  (5.25)  and  (5.26),  and  has  interceptor  require¬ 
ment  1(d)  ■  10.608.  The  Prim-Read  deployment  d*  with  p(d*,l)  ■ 
k  and  p(d*,2)  ■  2  has  interceptor  requirement  I(d*)  ■  17.3^8. 

2)  In  general,  uniform  deployments  such  as  that  defined  by 

(4.18)  do  not  satisfy  the  target  defense  principle.  Suppose, 
for  example,  that  T  -  4  with  v(l)  ■  8,  7(2)  ■  4,  v(3)  ■  2  and 

v(4)  ■  1.  If  targets  1  and  2  were  to  be  defended,  the  Prim- 
Read  deployment  d*  chosen  in  accordance  with  Definition  (5.4) 
would  have  p(d*,l)  ■  4  and  p(d*,2)  ■  2,  with  Interceptor  require¬ 
ment  I(d*)  ■  17.348.  A  uniform  defense  for  target  1  foi*  4  shots 
(l.e.,  equal  numbers  of  Interceptors  deployed  against  each  of  the 
first  four  attacking  weapons,  along  the  lines  of  (4.18)),  and  of 
target  2  for  2  shots,  would  lead  the  optimal  order  of  allocation 
of  attacking  weapons  among  the  targets  to  be  1,2, 3, 1,4, 2, 1,2, 1,1. 

It  is  then  immediate  that  the  target  defense  principle  Is 
violated. 

3)  In  the  strictest  sense,  the  assumption  under  which 
Theorems  (5.17)  and  (5.22)  are  proved,  namely  that  v(J)/v(Jq+1) 

be  an  Integer  for  each  J  1  Jg»  Is  weaker  than  the  assumption  (5.3). 
There  do  exist  choices  of  target  values  and  of  Jq  for  which 
the  weaker  assumption  on  only  the  ratios  v(J)/v(Jq+1)  holds. 
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but  (5.3)  falls.  However,  validity  of  the  weaker  assumption 
for  all  Jq  implies  that  of  (5.3). 


C.  ADDITIONAL  PROPERTIES 


In  Theorem  (5.17)  it  was  shown  that  provided  that 


(5.27) 


A  < 


•^0 

I 

J-1 


v(,1 ) 

* 


the  Prim-Read  deployment  d*  minimizes  expected  target  value 
destroyed  by  an  optimized  allocation  of  A  attacking  weapons, 
assuming  that  the  target  defense  principle  Is  satisfied.  The 
question  of  whether  d*  is  similarly  optimal  when  (5.27)  fails 
is  resolved  in  this  Section:  not  only  is  d*  not  optimal  but 
there  even  exists  a  deployment  d  such  that 

V(d,l)  <  V(d*,l) 

for  all  i  such  that 

<^0  ^0 

(5.28)  I  n(J)  <  1  <  I  n(J)  +  (T-J  )  , 

J-1  J-1  ^ 


which  uses  no  more  Interceptors  than  the  Prim-Read  deployment 
d**,  and  which  satisfies  the  target  defense  principle.  Of 
course,  d  will  defend  more  targets  than  does  the  Prim-Read 
deployment  d*.  For  a  discussion  and  interpretation  of  the 
condition  (5.28)  the  reader  is  referred  to  the  discussion  that 
follows  the  proof  of  Theorem  (5.32). 

The  optimization  problem  we  consider  in  this  Section  is, 
therefore, 

(5.29)  minimize  V(d,A) 

s.t .  1(d)  <  I(d*) 

(5.30)  v(J)p(d,J,i)  >  v(r  )  , 
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Where  the  constraint  (5.30)  is  to  hold  for  1*1,  p(d,J) 

whenever  p(d,J)  ^  2  and  p(d,jM  ■  1.  Here  (5.30)  represents 
the  target  defense  principle:  the,  expected  yield  from  an 
attacking  weapon  directed  at  a  defended  target  that  is  not  yet 
destroyed  with  certainty  exceeds  the  value  of  every  undefended 
target.  It  Is  further  assumed  that  Jq  Is  fixed  and  that  A  satis¬ 
fies  (5.28). 

The  following  Example  illustrates  nonoptlmallty  of  the 
Prim-Read  deployment  d*  for  the  problem  (5.29)  in  a  specific 
case.  Thereafter,  nonoptlmallty  In  general  will  be  demonstrated. 


(5.31)  EXAMPLE.  Assume  that  T  -  and  that  v(l)  -  8,  v(2)  4, 

v(3)  -  2,  v(4)  ■  1.  For  Jq  ■  2,  the  total  of  the  Prim-Read 
prices  Is  n(l)  +  n(2)  ■  6.  For  A  ■  7  we  have 

V(d*,7)  -  14, 


where  d<*  Is  the  Prim-Read  deplosrment . 
by 


d(l,l)  .  1 

I 

,<1(2.1)  .  1 

d(l,2)  .  1 

2 

>  .  1 

d(l,3)  .  1 

qKS.B)  .  1 

The  deployment  d  defined 


qd(3,l) 

qd(3,2) 


1 

2 

1  , 


then  satisfies 


n  qd(J»^>) 


1 

W 


.  n  -ci*(j,Ji) 


from  which  we  infer  that  1(d)  ■  I(d*).  Further,  the  target 
defense  principle  Is  satisfied  by  d  since 

v(l)p(d,l,J)  -  I  >  1  -  v(4)  .  J-1,2,3  , 
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and 


v(2)p(d,2,l)  -  2  >  v(4)  , 

and  also 

v(2)p(d,2,2)  -  v(2)p(d,2,3-) 

-  v(3)p(d,3,l) 

-  v(3)p(d,3,2) 

-  1 

-  v(4)  . 

Finally,  It  Is  immediate  that  V(d,7)  ■  13  <  V(d*,7)  and 
therefore  d*  Is  not  an  optimal  solution  to  (5.29)  for  A  ■  7.  Q 

The  following  result  shows  that  In  general  the  Prim-Read 
deployment  d»  Is  not  an  optimal  solution  to  (5.29)  when  (5.28) 
holds,  and  actually  shows  more:  we  explicitly  construct  a 
deployment  d  such  that  V(d,A)  <  V(d<‘,A)  for  all  A  satis¬ 
fying  (5.28). 

(5.32)  THEOREM.  Let  Jg  fixed  and  let  d*  be  the  Prim-Read 
deployment  given  by  (5.8);  assume  that  (5.3)  holds.  Then  there 
exists  a  deployment  d  such  that: 

a)  d  satisfies  the  target  defense  principle  In  the  form 
(5.30); 

b)  1(d)  -  I(d*); 

c)  V(d,A)  <  V(d»,A)  for  all  A  such  tVat 

*^0  r  n 

(5.33)  I  n(J)  <  A  <  I  n(J)  +  [T-J.]  . 

J-1  "'Lj-l.  J  ° 

PROOF.  Recall  that 

n(J  )  -  v(J  )/v(J  Q+1) 
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and,  from  the  assumption  (5.. 3),  that 


v(Jq+1)  -  m(jQ+l)v(jQ+2)  . 

Note  also  that  the  requirement  1(d)  -  I(d*)  Is  equivalent  to 

Jq 

(5.34)  n  -  n  .  n  (l/n(J)l)  . 

J.Ji  J.2-  J-1 

I 

The  deployment  d  will  defend  targets  1,  ....  Jq  +  1  and 
Is  defined  by  means  of  the  following  equalities: 


qd(jQ+i,i)  _ 


m(Jo+^ 


q<i(J.O  .  qd*(J,0 


.d(l.l)  _  1  m(jQ+l) 

^  HTry  iHTTT^ 


Ji“l,  •  •  •  ,n( J  ) , 


(5.35) 


qd(l,Jl)  _  qd*(l,t) 


l"2, . . . ,n(l) . 


It  Is  Immediate  that  (5-34)  Is  satisfied.  Provided  that 
the  target  defense  principle  be  satisfied,  It  will  then  be 
true  that 


v(d.(j;  n(4))*l) 


I  V(J)  -  1 
J*1 


•  ""’H  ■ 


which  verifies  that 
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(5.36) 


V(d,A)  -  V(d*,A)  -  1 


for  A»f  T  n(J  +1.  The  forms  of  the  deployments  d*  and  d 

M-1  ' 

then  imply  that  (5 >3^)  holds  for  all  A  satisfying  (5.33). 
Therefore,  to  complete  the  proof  of  the  Theorem,  it  suffices 
to  show  that  d  satisfies  the  target  defense  principle  (5.30). 

For  target  Jq  +  1  the  definition  of  d  implies  that 
v(jQ+l)p(d,jQ+l,l)  -  v(Jq4.1)  -  v(Jq+2) 
and 

v(Jo.tl)p(d,jQ+l,2)  -  v(Jq+2)  . 

Keeping  in  mind  that  target  +  2  is  now  the  most  valuable  unde¬ 
fended  taiget  and  that,  by  virtue  of  (5.2)  and  (5.3)»  v(Jq+1)  ■ 
m(J q+1)v(Jq+2)  with  m(jQ+l)  >  2,  we  infer  from  tbo  two  pre¬ 
ceding  expressions  that  (5.30)  holds  for  J  ■  Jq  +  1. 

2  <_  J  1  Jq  definitions  of  d  and  of  the  Prim- 

Read  deployment  d**  yield 

v(J  )p(d,J  , Jt)  -  v(Jq+1)  >  v(Jq+2) 

for  Jl  ■  1,  ...,  n(J),  which  verifies  the  tai'get  defense  prin¬ 
ciple  for  these  values  of  J. 

It  la  slightly  less  straightforward  to  verify  that  the 
target  defense  principle  holds  for  J  *  1.  To  begin  on  this, 
for  A  *  1  we  have 

v(l)p(d,l,l)  -  v(l)q‘^^^»^^ 

n(l)  m(jQ+l)  -  1 
m(J-+l) 

■  -"I 

98 


>  v(Jq+1) 


>  v(jQ+2)  , 

which  gives  (5.30)  for  J  ■  2.  -  1.  The  expected  target  value 
that  survives  the  first  attacking  weapon  directed  at  target 
1  is 


v(l)(lV^^’^^) 


v(l) 


n(l)Cm(J Q+l)-l]  -  m(jQ+l) 
- n(l)Cm(jQ+TT-TJ - 


Together  with  (5*35)  this  expression  gives 


T  n(l)Cm(jQ+l)-l]  -  m(jQ+l) 

v(l)p(d,l,i)  -  v(l)  - - 

which  is  valid  for  I  ■  2,  ...»  n(l).  Therefore,  it  now 
suffices  to  prove  that 


(5.37) 


n(l)Cm(jQ+l)-l]  -  m(jQ+l) 


m(jQ+l) 


)  r 
^  1 


The  assumptions  of  the  Theorem  imply  that  n(l)  >  2,  which  gives 


n(l)  .  3 

OTTTT  -  2  ■ 


If  m(jQ+l)  ^  3»  It  is  then  clear  that  the  final  expression  in 
(5.37)  exceeds  onej  if  m(jQ+l)  ••  2  this  expression  becomes 


2 

2-1 


2 

m 


n(l)  ' 

HTTT^ 


>  1  . 


This  completes  the  proof  of  Theorem  (5.32). 
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D 


In  the  condition  (5«33)»  the  leftmost  term  is  the  total 
of  the  Prim-Read  prices  of  the  defended  targets,  while  the 
rightmost  term  is  the  total  of  the  Prim-Read  prices  of  all  of 
the  targets.  We  have  already  demonstrated  that  the  Prim-Read 
deployment  d*  is  optimal  for  the  problem  (5.29)  If 

A  <  I  n(J);  for  A  >  I  n( j )  +  (T-J^)  the  difficulties  in 
■  J-1  J-1  “ 

obtaining  a  deployment  better  than  the  Prim-Read  deployment 
are  associated  with  having  to  satisfy  the  target  defense  prin¬ 
ciple.  The  content  of  Theorem  (5*32)  is  that  by  defending  one 
additional  target  against  (exactly)  one  attacking  weapon,  one 
can  construct  a  deployment  d  that  is  uniformly  better  than  the 
Prim-Read  deployment  for  values  of  A  satisfying  (5.33).  Further' 
more,  this  deployment  uses  the  same  number  of  interceptors  and 
also  satisfies  the  target  defense  principle.  Here  is  a  numeri¬ 
cal  illustration. 

(5.38)  EXAMPLE.  Assume  that  T  -  4,  v(l)  -  8,  v(2)  -  4, 
v(3)  ■  2,  v(4)  ■  1  and  Jq  ■  2.  The  construction  given  in 
Theorem  (5.32)  then  yields  the  deployment  d  defined  by 


^dd.l) 

1 

"  2 

,d(3,l) 

,d(l,2) 

1 

"  3 

.  1 

,4(3.2) 

,<1(1,3) 

1 

■  2 

-  1 

^0  r  1 

For  this  example  I  n(J)  -  6  and  ^  n(J )  +  (T-J^.)  ■  8  and 

J-1  Lj-1  J  ^ 

from  the  easily  checked  facts  that 


loo 


v(l)p(d,lil)  =  ^  , 

v(i)p(d,l,i)  -  j  , 
v(2)p(d,2,fi.)  ■  2  , 


and 


v(3)p(d,3,A)  -  1  , 

it  is  seen  that  V(d,A)  ■  V(d*,A)  -  1  for  A  ■  7  and  A 
predicted  by  Theorem  (5*32).  In  Figure  8  we  present 
comparison  of  the  payoff  functions  V(d<*,‘)  and  V(d,*) 


i-2,3,4, 

^-1.2. 

it-1,2, 

8,  as 
graphical 


Figure  8.  COMPARISON  OF  PAYOFF  FUNCTIONS  FOR  EXAMPLE  (5.38) 


D.  CHAPTER  SUMMARY 

In  this  Chapter  we  discuss  In  detail  the  consequences  of 
the  following  two-part  target  defense  prinoiplex 

1)  Targets  must  be  defended  In  order  of  decreasing  value. 

2)  The  expected  target  value  destroyed  by  an  attacking 
weapon  directed  at  an  Initially  defended  target,  even  allowing 
for  possible  destruction  of  the  target  by  another  (earlier) 
attacking  weapon,  must  always  be  at  least  as  great  as  the  value 
of  every  Initially  undefended  target. 

We  discuss  optimality  properties  of  Prim-Read  deployments  under 
the  target  defense  principle  and  also  some  Important  optimiza¬ 
tion  problems  for  which  Prim-Read  deployments  are  not  optimal 
solutions . 

The  beginning  of  the  Section  presents  a  general  discussion 
of  the  target  defense  problem  and  describes  three  ways  whereby 
Prim-Read  deployments  may  be  constructed.  This  discussion 
parallels  and  extends  that  In  Chapter  I, A;  the  reader  Is 
referred  to  both  discussions  for  further  details  concerning 
the  heuristic  Justification. for  Prim-Read  deployments. 

In  the  principal  mathematical  results  of  the  Chapter 
several  optimality  properties  and  one  Important  nonoptlmallty 
property  of  Prim-Read  deployments  are  demonstrated.  Specifi¬ 
cally,  those  main  results  are  the  following. 

1)  Theorem  (5-7),  which  states  that,  subject  to  the 
restriction  represented  by  (5.3),  If  targets  1,  ...»  Jq  are 
defended,  the  appropriate  Prim-Read  deployment  d*  Is  given  by 

d<‘(J,)l)  -  - 

for  each  J  and  A  ■  1,  ...,  n(J),  where 
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Recall  that  targets  are  labeled  in  order  of  decreasing  value. 
The  associated  Interceptor  requirement  is 


I(d») 


1 

log  q 


log 


2)  Theorem  (5.9),  which  asserts  that  if  targets  J,  Jq 

are  defended,  then  the  Prim-Read  deployment  d*  is  the  unique 
solution  to  the  optimization  problem 


minimize  m^x  V ( d , r ) 

l<r<p(d*)  r 

s.t.  1(d)  <  I(d*)  . 

That  is,  of  deployments  requiring  no  more  Interceptors  than  the 
Prim-Read  deployment  d*,  the  latter  uniquely  minimizes  the  maxi¬ 
mum  target  value  destroyed  per  attacking  weapon  committed,  even 
when  the  allocation  of  attacking  weapons  is  optimized  against 
the  chosen  defensive  deployment. 

3)  Theorem  (5.17),  which  is  one  of  the  most  Important 
results  In  the  paper,  and  states  that  If  targets  1,  ...,  Jq 
are  defended  and  if 


^0 

A  <  I  Cv(J)/v(Jf,+l)]  , 

then  the  corresponding  Prim-Read  deployment  d*  (given  by  (5.8)) 
is  a  solution  to  the  optimization  problem 

minimize  V(d,A) 
s.t.  I(d)<  I(d*) 

v(J)p(d,J  ,i)  >  v(Jq+1),  llJUg)’ 

l<l<p(d,J). 


Furthermore,  provided  that  A  ^  n(l)  -  1  ■  [v(l)/v( Jq+D]  »  1,  the 
Prim-Read  deployment  d*  Is  the  unique  solution  to  the  stated  opti¬ 
mization  problem.  That  is.  If  the  number  of  attacking  weapons  Is 
at  most  that  required  to  destroy  all  of  the  defended  targets,  then 
among  all  deployments  satisfying  the  target  defense  principle,  the 
Prim-Read  deployment  minimizes  the  expected  target  value  destroyed 
by  an  allocation  of  attacking  weapons  that  Is  optimized  against 
the  chosen  defensive  deployment.  If  the  number  of  attacking  wea¬ 
pons  Is  sufficient  to  exhaust  the  defenses  at  every  Individual 
target  (although  not  necessarily  sufficient  to  destroy  the  then 
undefended  target),  the  Prim-Read  deployment  uniquely  minimizes 
the  expected  target  value  destroyed. 

This  la  the  one  Instance  where  it  Is  shown  that  Prim-Read 
deployments  minimize  target  value  destroyed  as  well  as  target 
value  destroyed  per  attacking  weapon  committed  ,  although  only 
relative  to  deployments  satisfying  the  target  defense  principle. 

4)  Theorem  (5-22),  which  states  that  If  targets  1,  ...»  Jq 
are  to  be  defended,'  then  the  corresponding  Prim-Read  deployment 
6.*  Is  the  unique  solution  to  the  optimization  problem 

•^0 

maximize  ][  p(d,J) 

J-1 

s.t.  v(J)p(d,J,l)  >  v(Jq+1)  ,  lUlJ  gil<l<p(d,J  ) . 

The  Interpretation  here  la  that  of  all  deployments  that  defend 
targets  1,  In  a  manner  satisfying  the  target  defense 

principle,  the  Prim-Read  deployment  d*  uniquely  maximizes  the 
number  of  attacking  weapons  that  must  be  committed  in  order  to 
destroy  all  of  the  defended  targets. 

5)  Theorem  (5.32),  another  very  important  result,  which 
demonstrates  that  If  d*  is  the  Prim-Read  deployment  correspond¬ 
ing  to  defense  of  targets  1,...,^^,  then  there  exists  a  deploy¬ 
ment  d,  which  is  computed  explicitly,  such  that 
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a)  d  satisfies  the  target  defense  principle; 

b)  1(d)  -  I(d*) 

c)  V(d,A)  <  V(d*,A)  for  all  values  of  A  satisfying 


The  content  of  this  Theorem  Is  that  if  A  satisfies  the  restric¬ 
tions  above,  then  the  Prim-Read  deployment  d*  Is  not  a  solution 
to  the  optimization  problem 

minimize  V(d,A) 
s.t.  1(d)  <  I(d*) 

v(J)p(d.J,l)  >  v(J')  If  p(d,J)>l 

and  p(d,j')«l. 

The  Prim-Read  deployment,  even  among  deployments  satisfying  the 
target  defense  principle  and  not  requiring  more  Interceptors, 
does  not  minimize  expected  target  value  destroyed  by  an  opti¬ 
mized  attack  when  the  attacking  side  commits  more  weapons  than 
are  necessary  to  destroy  all  of  the  defended  targets. 

Although  the  results  listed  above  were  all  derived  subj^^t 
to  the  hypothesis  (5-3)  that  v(J)/v(J+l)  be  an  Integer  greater 
than  or  equal  to  2  for  each  J ,  they  all  remain  approximately 
valid  without  this  restriction. 

Perhaps  the  most  Important  conclusion  to  be  drawn  from  the 
entire  paper  Is  obtained  by  combining  the  Implications  of 
Theorems  (5.17)  and  (5.32).  Suppose  that,  given  its  Interceptor 
resources  and  the  targets  that  are  candidates  to  be  defended, 
the  defending  side  elects  to  Implement  a  Prim-Read  deployment. 
Based  on  the  supply  of  available  Interceptors,  It  will  do  so  by, 
for  some  Jq,  defending  targets  1,  ...»  Jq  using  the  Prim-Read 
deployment  d*  given  by  (5.8);  this  choice  leads  to  the  payoff 
function  V(d<‘,*)  Illustrated  In  Figure  9. 
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OPTMAL.  BUT 
NOT  UNNHIELYV 


^UNNHIELY 

OPTMAL 


-NOT  OPTIMAL 


-THRESHOLO  FOB  UNNHIE  OPTMAUTY  OF  d*  [ef.  ThMnm  (B.17)I 
-AHACK  BCE  REQUNIEO  TO  DESTROY  ALL  DEFENDED  TARflEH 
«  TOTAL  VALUE  OF  DEFENDED  TARBETS 
«  AHACK  SIZE  REOINRED  TO  DESTROY  ALL  TARBETS 
«  TOTAL  VALUE  OF  AU  TARBETS 


Figure  9.  PRIM-READ  PAYOFF  FUNCTION  AND 
OPTIMALITY  PROPERTIES 
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Also  as  shovm  in  Pigxxre  9  3  if  A  is  the  number  of  weapons 
committed  by  the  attacking  side,  then  depending  on  the  value 
of  A,  the  Prim-Read  deployment  may  or  may  not,  among  deploy¬ 
ments  that  require  the  same  number  of  interceptors  and  satisfy 
the  target  defense  principle,  minimize  expected  target  value 
destroyed.  Specifically, 

1)  If  0  <_  A  <  A^,  where  A^^^  -  Cv(l)/v(J ^+1) ]  -  1,  which  is 
maximum  number  of  weapons  against  which  any  target  is  defended, 
then  the  Prim-Read  deployment  minimizes  target  value  destroyed 
by  an  attack  of  size  A  optimized  against  the  chosen  defensive 
deployment,  but  not  uniquely. 

2)  If  Ajj^  <.  A  <  A^,  where 


-  1“ 

J-1 


•^0 

I  p(d»,J)  , 

J-1 


which  is  the  number  of  attacking  weapons  required  to  destroy 
all  of  the  defended  targets,  then  the  Prim-Read  deployment 
uniquely  minimizes  expected  target  value  destroyed  by  an 
optimized  allocation  of  A  attacking  weapons. 

3)  If  A^  <  A  £  A^,  where 


A 


t 


vyj-... 


+  [T-Jq] 


T 

I  P(d*,j) 

J-1 


is  the  total  of  the  Prim-Read  prices  of  all  targets,  then  the 
Prim-Read  deployment  does  not  minimize  expected  target  value 
destroyed  by  an  optimized  allocation  of  attacking  weapons. 
Indeed,  there  exists  a  deployment  d  using  the  same  number  of 
Interceptors  and  satisfying  the  target  defense  principle  such 
that  ^''(d,A)  <  V(d*,A)  for  all  A  in  the  Interval  (A^,A^]. 
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4)  If  A  >  A^,  then  the  Prim-Read  deployment  does  not  mini 
mlze  expected  target  value  destroyed  by  A  optimally  allocated 
attacking  weapons,  but  there  is  no  other  deployment  that  is 
uniformly  better  than  the  Prim-Read  deployment  for  all  A  >  A^. 


108 


Chapter  VI 

ADDITIONAL  MIN-MAX  OPTIMALITY  PROPERTIES 
A.  INTRODUCTION 

Chapters  IV  and  V  developed  optimality  and  nonoptimality 
properties  of  Prim-Read  deployments  for  optimization  problems 
of  the  general  form 


(6.1) 


minimize  max  I  v(J ) 
a  J-1 


1-  n  I  i-c 
L  i-i  \ 


where  the  deployment  d,  and  also  the  allocation  a  of  attacking 
weapons j  satisfy  certain  constraints,  one  of  which,  for  example, 
is  the  target  defense  principle  underlying  all  of  Chapter  V.  In 
this  Chapter  we  treat  one  additional  class  of  problems  of  the 
form  (6.1),  in  which  we  assume  that  target  prices  remain  fixed 
at  their  Prim-Read  levels,  and  that 

’  ^  T  T 

a  -  I  a(J )  -  1  <  I  v(J )  , 

J-1  J-1 

where  1  is  treated  as  a  parameter  of  the  problem.  We  further 
assume  that  we  are  in  the  situation  of  Chapter  IV,  rather  than 
that  of  Chapter  V,  and  that  k  -  Ij  therefore,  all  targets  except 
those  of  unit  value  are  defended.  Consequently  the  results  of 
this  Chapter  apply,  at  most,  indirectly  to  the  nationwide 
defense  problem  treated  in  Chapter  V,  but  may  apply  to  other 
situations.  Regardless  of  direct  applicability,  of  course, 
the  results  are  of  interest  as  further  properties  of  Prim-Read 
deployments. 


4 


since  we  do  not  assume  the  target  defense  principle  to 
hold,  the  results  of  this  Chapter  are  complementary  to  those 
In  Chapter  V.  Our  main  result  here  asserts  that,  of  deployments 
with  the  same  Interceptor  requirement,  the  Prim-Read  deployment 
d»  minimizes  target  value  destroyed — barring  a  small  number  of 
known  exceptional  cases — if  and  only  if  there  is  a  set  of  tar¬ 
gets  whose  prices  sum  to  1.  An  empirical  observation,  for  which 
we  have  indirect  but  also  inconclusive  theoretical  support,  is 
that  in  those  cases  in  which  d*  is  not  optimal,  the  deviation 
from  optimality  is  nearly  negligible. 

The  specific  class  of  optimization  problems  to  be  con¬ 
sidered  is 


(6.2)  minimize  V(d,,l) 

s.t.  1(d)  <  I(d*) 

p(d,J )  1  v(J )  ,  J"l» . . . |T  , 


where  1  v(J)  is  fixed,  and  where  d*  is  the  Prim-Read  deploy¬ 
ment  with  scaling  parameter  k  -  1,  as  given  by  (2,l4).  That  is, 
for  each  J 


d«(J,l) 


log(v(.1  )-l-M) 
log  q 


l-l,...,v(J). 


Recall  also  that 


T 

V(d,l)  -  max  I  v(J) 
a:a"i  J“1 


.  1-1  \  /J 


A  generalization  of  the  main  result  of  this  Chapter  (which  is 
Theorem  (6.13))  asserts  that  the  Prim-Read  deployment  d*  is  an 
optimal  solution  to  (6.2)  if  and  only  if  there  is  JqC T} 
such  that 


1  -  I  v(.l) 


I  P(d*,j)  . 


Mtai 


J 


o 
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In  words,  d*  is  an  optimal  solution  to  (6.2)  for  a  given  value 
of  1  If  and  only  If  there  Is  a  subset  of  targets  that  can  be 
exactly  destroyed  by  1  attacking  weapons. 

Of  the  problems  treated  In  earlier  Chapters,  the  problem 
(4.24)  Is  most  closely  related  to  (6.2).  The  difference  between 
them  Is  that  in  (6.2)  target  prices  are  fixed  at  Prim-Read 
levels,  whereas  In  (4.24)  they  are  not.  The  most  Important 
difference  between  (6.2)  and  the  similar  problems  (5*16)  and 
(5.29)  treated  In  Chapter  V  Is  that  In  the  latter  the  target 
defense  principle  Is  assumed  to  be  satisfied.  When  the  target 
defense  principle  holds,  then  by  Theorem  (5.17)  the  Prim-Read 
deployment  minimizes  V(d,l)  for  all  1  £  E  v(J). 

The  problem  (6.2)  Is  of  Interest  whether  one  envisions  the 
defending  side's  choosing  a  Prim-Read  deployment  In  order  to 
make  efficient  use  of  a  supply  of  available  Interceptors  or  in 
order  to  force  exhaustion  of  a  particular  stockpile  of  attack¬ 
ing  weapons  In  order  to  destroy  the  targets.  In  either  case 
(because  of  faulty  decision-making  processes  or  incorrect  esti- 
mates  by  the  defending  side),  the  number  of  attacking  weapons 
committed  might  not  be  large  enough  to  destroy  all  of  the 
defended  targets,  so  it  Is  desirable  to  understand  properties 
of  Prim-Read  deployments  in  such  contingencies. 

To  avoid  overburdening  (the  author  and)  the  reader  with 
mathematics  at  the  expense  of  concepts  and  their  Implications, 
we  restrict  our  attention  for  the  remainder  of  this  Chapter  to 
the  case  of  two  targets,  which  Is  sufficiently  general  to  illus¬ 
trate  the  range  of  complications  when  T  >  3,  but  sufficiently 
simple  to  be  comprehensible  and  computationally  tractable. 
Therefore , 


V(d,i) 


2 

max  I 

a(l)+a(2)«l  J«l 
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B.  EXAMPLES 


Before  stating  the  main  result  of  this  Chapter  we  give  some 
illustrative  exeunplea. 

(6.3)  EXAMPLE.  Suppose  that  v(l)  ■  3  and  v(2)  ■  1.  If  we  put 
o  ■  3  ■  then  the  constraint  1(d)  ■  I(d*) 

becomes 


a0  -  1/6. 

By  direct  calculation,  V(d,l)  -  max{3'3i|l}  -i  1;  therefore 
the  Prim-Read  deployment  d*  does  solve  (6.2)  for  1-1. 

Suppose  now  that  i  ■  2.  Then 

V(d,2)  -  max{3Cl-(l-a)(l-a)],3a+’l}  . 


Using  elementary  algebra  one  can  show  that  if 


. . . .  V(d,2)  <  V(d«,2)  ■  2  , 

then  a  ■  1/3 i  B  "  1/2,  which  Implies  that  d-d*  and  hence  that 
d*  solves  (6.2)  for  1-2.  This  turns  out  to  be  an  exception 
to  the  general  case,  since  2  weapons  cannot  exactly  destroy 
either  one  of  the  targets  or  both  targets. 

That  the  Prim-Read  deployment  d*  solves  (6.2)  for  1-3 
and  1-4  fellows  by  the  same  reasoning  used  when  1-1.  Q 

The  next  Example  gives  an  illustration  of  a  case  when  the 
Prim-Read  deployment  d*  does  not  solve  (6.2). 

(6.4)  example.  Suppose  that  v(l)  -  4  and  v(2)  -  2  and 
observe  that  the  constraint  1(d)  -  I(d*)  is  equivalent  to 


(6.5) 


qd(l,l)^d(l,2)q(l,3)qd(2,l) 


1/48  . 
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it  Is  evident  that  by  taking  q  '  *  '  greater  than  but  nearly 
equal  to  1/8,  q'^^2,1)  gitg^ter  than  but  nearly  equal  to  1/6, 
and  less  than  but  nearly  equal  to  1,  all  In 

auoh  a  manner  that  (6.5)  remain  satisfied,  one  oan  force 
V(d,l)  <  1  ■  V(d*,l),  SO'  that  the  Prim-Read  deployment  does 
not  solve  (6.2)  for  1  ■  1. 

That  the  Prim-Read  deployment  d*  satisfies  (6.2)  for 
1  «»  2,  as  well  as  for  1  ■  4  and  1  ■  6,  Is  obvious. 

Consider  now  the  case  1  ■  3,  In  which  we  have 
V(d,3)  -  max|4Cl-(l-q'^^^‘^h(l-q‘^^^'’2))(i-.qd(l,3))]  ^ 

^^l,(l„qd(l,l))(i.qd(l,2))3  ,  2^d(2,l)  ^ 

4qd(l»l)  +  2|  » 

since  the  attacking  side  oan  allocate  3,  2  or  1  weapons  to  the 
more  valuable  target  1.  To  find  d  such  that  V(d,3)  <  V(d*,3) 
we  must  satisfy  the  three  inequalities 


(6.6) 


(6.7) 


4  1  -  <  3, 

4  1  -  n  ^1-q^^^’^^jj  +  <  3  , 


(6.8) 


4qd(l,l)  +  2  <  3  . 


We  were  able  to  find  such  values  of  the  d(J,Jl)  by  a  perturbation 
argument  that  also  forms  the  basis  for  the  omitted  proof  of 
Theorem  (6.13). 


The  underlying  reasoning  Is  the  following.  The  Prim-Read 
deployment  d*  satisfies  (6.6)  -  (6.8)  as  equalities.  Consider 
a  perturbed  deployment  d  that  can  be  written  In  the  form 


qd(l.l) 

qd(l,2) 

qd(l,3) 

qd(2.1) 


ctq 


d*(l,l) 


0q 


d»(l,2) 


yq 


d*(l,3) 


-  a/4 

-  B/3 

-  y/2 


3qd*(2.1) 


6/2  , 


Where  In  order  to  satisfy  (6.5)  we  assume  that  aByS  ■  1,  which 
we  may  use  to  eliminate  y  from  the  equations  (6.6)  -  (6.8). 

Now  make  a  first-order  Taylor  series  expansion  (In  a,  B 
and  6)  of  the  left-hand  sides  of  the  equations  (6.6)  -  (6.8). 

The  appropriate  first  partial  derivatives  evaluated  at  the  Prim- 
Read  point  a  ■  B  ■  6  ■  1  are 


3(6.6) 

Ta 

2 

"  “  3 

M6.6)  .  _  1 

.  1 

3(6.7) 

.  2 

gjj-T)  .  1 

3a 

I 

3B  ^ 

36  ^ 

3(6.8) 

3a 

-  1 

3(6.8)  _  . 
~5T-  ■  “ 

3(6.8)  _  „ 

36  ^  • 

By  Taylor's  theorem,  cf.  [16],  we  can  satisfy  (6.6)  -  (6.8)  by 
choosing  perturbations  Aa,  A0,  A6  sufficiently  close  to  zero 
and  such  that 

-  I  Aa  -  I  AB  -  A6  <  0 

I  Aa  +  AB  +  A6  <  0 
Aa  <  0  J 


(6.9) 

(6.10) 

(6.11) 
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we  then  take  a  “  1  +  Aa,  $  ■  1  +  AB,  6  =  1  +  A6 . 


By  experiment,  the  choices  Aa  ■  -  .005,  A0  ■  -  .00125,  and 
A6  ■  .004l67  satisfy  (6.9)  (6.11)  and  lead  to  the  values 

qd(l,l)  ^  .24875 

qd(l,2)  -  .332917 

qd(l,3)  ,  .50105 

qd(2,l)  -  .5020835  , 

which  do  satisfy  (6.6)  -  (6.8).  Consequently,  the  Prim-Read 
deployment  d**  does  not  solve  (6.2)  when  i,  -  3*  One  possible 
reason  is  that  the  alternative  deployment  d  Is  able  to  leave 
the  largest  single  payoff  to  the  (Irrelevant  when  i  «•  3)  fourth 
attacking  weapon. 


For  1  ■  5  we  obtain 
V(d,5)  ■  max 


4+2q^(2,l)^  4|l  -  n 


+  2 


Because  V(d,5)  depends  symmetrically  on  qd(l,,2) 


qd(l,3)^  If  we  take 


qd(l,l)  .  qd(1.2)  .  qd(l,3) 


.34902 


then  we  have  V(d,5)  <  5  ■  V(d*,5). 

To  summarize  this  Example,  the  Prim-Read  deployment  d*  Is 
an  optimal  solution  to  (6,2)  If  and  only  If  1  -  2,  4  or  6,  l.e., 
if  and  only  If  some  subset  of  targets  can  be  exactly  destroyed 
by  1  attacking  weapons.  {] 

Similar  effects  arise  in  the  case  of  two  targets  with  equal 
values. 
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(6.12)  EXAMPLE.  Suppose  that  v(l)  -  v(2)  »  3.  By  symmetry  we 
may  restrict  attention  to  deployments  d  for  which 

qd(l.l)  .  qd(2,l) 

<,^(1,2)  .  ,■1(2.2) 

Where  a6  .  ,«*tl.l)<j«*<1.2)  .  ,h»(2,l),a*(2,2)  . 

Since  V(d,l)  ■  3cx,  It  Is  possible  to  have  V(d,l)  <  1,  so 
the  Prim-Read  deployment  d**  is  not  an  optimal  solution  to  (6.2) 
when  1-1. 

When  1  «  2  another  exceptional  case  arises:  even  though 
two  attacking  weapons  cannot  exactly  destroy  either  target,  the 
Prim-Read  deployment  is  an  optimal  solution  to  (6.2)  when  1-2. 
To  see  this,  note  that 

V(d,2)  ■  max{6ct,3oi+3(l-«) • 

If  V(d,2)  £  2  then  on  the  one  hand  a  <_  1/3,  while  on  the  other 
hand  the  inequality 


3a  +  3(l“a)$  £  2 

Implies  that  1/3  1  «  <  1/2.  Therefore  a  -  1/3,  B  ■  1/2  and 

d  -  d<‘. 

For  1-3  and  1  -  6  It  Is  evident  that  the  Prim-Read  deploy¬ 
ment  Is  an  optimal  solution  to  (6,2).  The  case  1  -  4  Is  another 
exceptional  case:  the  Prim-Read  deployment  can  be  shown  to  be 
the  unique  optimal  solution  to  (6.2),  despite  the  Impossibility 
of  exactly  destroying  a  subset  of  the  targets  with  1  attacking 
weapons.  Finally,  for  1  »  5,  a  symmetry  argument  analogous  to 
that  used  In  Example  (6.4)  for  the  case  1-5  can  be  used  to 
show  that  the  Prim-Read  deployment  Is  not  an  optimal  solution 
to  (6.2)  Q 
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C.  MAIN  RESULT 

We  now  present  the  main  mathematical  result  of  this 
Chapter,  which  states  that— except  for  the  anomalous  cases 
noted  in  Examples  (6.3)  and  (6.12)  above— the  Prim-Read 
deployment  d*  is  an  optimal  solution  to  (6.2),  for  a  given 
value  of  1,  if  and  only  if  one  or  the  other  or  both  targets 
can  be  exactly  destroyed  by  1  attacking  weapons.  By  the 
latter  phrase  we  mean  that  1  -  v(l),  i  ■  v(2)  or  1  ■  v(l) 

+  v(2);  l.e.,  1  is  the  sum  of  the  prices  of  a  subset  of 
the  targets. 

(6.13)  ‘  THEOREM.  Suppose  that  T  ■  2  and  that  v(l)  <  v(2). 

Then  the  Prim-Read  deployment  d*  is  an  optimal  solution  to 
(6.2),  that  Is, 

V(d*,l)  -  mln{V(d,l):  1(d)  «  I(d*),p(d)  -  p(d»)}  , 

if  and  only  If  one  of  the  following  conditions  is  satisfied; 

a)  v(2)  <  2; 

b)  v(l)  ■  v(2)  -  3  and  1-2  or  1-4; 

c)  v(l)  -  1,  v(2)  -  3  and  1-2; 

d)  1  -  v(l); 

e)  1  »  v(2); 

f )  1  -  v(l)  +  v(2) . 

The  first  three  conditions  are  the  exceptional  cases  noted 
In  Examples  (6.3)  and  (6.12),  while  the  latter  three  conditions 
state  that  1  attacking  weapons  can  exactly  destroy  some  subset 
of  the  set  of  targets. 

The  proof  of  Theorem  (6.13)  is  lengthy,  largely  technical, 
and  rather  unenlightening,  so  we  have  omitted  it  from  this 
paper.  Its  essential  argument  la  a  generalization  of  the 
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perturbation  method  used  in  the  analysis  of  Example  (6.4)  above. 
The  technical  difficulties  arise  in  having  to  prove  that  the 
perturbed  deployment  d  satisfies  V(d,l)  <  1  ■  V(d*,l),  rather 
than  being  able  to  verify  the  inequality  numerically,  as  was 
permissible  in  the  Example.  An  analogous  result  holds  for 
T  ^  3  but  it  also  is  omitted. 

As  was  done  in  Examples  (3.15)  and  (4.16)  in  earlier 
Chapters,  it  is  of  interest  to  study  the  extent  by  which  the 
Prim-Read  deployment  d*  falls  to  be  optimal  for  the  problem 
(6.2)  when  df  is  in  fact  not  optimal.  Because  we  have  been 
unable  to  solve  (6.2)  in  closed  form  when  the  Prim-Read  deploy¬ 
ment  is  not  the  optimal  solution,  we  do  not  have  rigorously 
derived  bounds  on  the  possible  deviation  from  optimality.  How¬ 
ever,  the  techniques  used  in  Example  (6.4)  and  in  the  proof  of 
Theorem  (6.13) — and  here  the  reader  is  asked  to  accept  on  faith 
the  fact  that  more  simple-minded,  straightforward  approaches 
were  unsuccessful — strongly  suggest  that  the  deviation  is 
minimal.  For  all  of  the  examples  we  have  analyzed,  including 
several  that  are  not  included  here,  if  d  is  found  such  that 

V(d,l)  <  V(d«,l)  , 

then  both  the  absolute  deviation 

V(d«,l)  -  V(a,l) 

and  the  (more  appropriate)  relative  deviation 

V(d»,l)  -  V(d.l) 

are  quite  small.  A  theoretical  investigation  of  these  devia¬ 
tions  might  be  pursued  by  examination  of  second  derivatives 
corresponding  to  the  first  derivatives  that  were  calculated  in 
Example  (6.4).  In  view  of  the  fact  that  (6.2)  is  not  the  most 
Important  optimization  problem  treated  in  this  paper,  we  have 
not  performed  such  an  investigation. 
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0.  CHAPTER  SUMMARY 

This  Chapter  describes  optimality  and  nonoptimality  proper¬ 
ties  of  Prim-Read  deployments,  in  the  multiple  target  case,  for 
a  particular  class  of  optimization  problems.  In  these  problems, 
the  objective  function  is  expected  target  value  destroyed  by  an 
optimized  allocation  of  attacking  weapons  and  both  the  defending 
side's  resources  and  the  individual  target  prices  (not  Just  the 
total  of  all  target  prices)  are  fixed  at  their  Prim-Read  levels. 

The  attacking  side's  resources  are  treated  parametrically  and 
are  at  most  the  number  of  weapons  needed  to  destroy  all  of  the 
targets.  It  is  assumed  that  only  targets  of  unit  value  are 
left  undefended.  The  target  defense  principle  is  not  assumed 
to  be  satisfied. 

There  is  only  one  mathematical  result  in  this  Chapter, 

Theorem  (6.13),  which  when  generalized,  states  that  the  Prim- 
Read  deployment  d*  (with  scaling  parameter  k  -  1)  is  a  solution 
to  the  optimization  problem 

minimize  V(d,i) 
s.t.  1(d)  -  I(d*) 

p(d,J)  -  p(d»,J)  -  v(J)  ,  J-1,...,T, 

if  and  only  if  one  of  a  small  number  of  known  exceptional  cases 
holds  (which  can  happen  only  for  small  values  of  1)  or  there  Is 
a  set  Jq  C  T}  such  that 

1  -  I  p(d*,J )  »  1  v(J )  . 

J‘Jo  J‘Jo 

That  is,  save  in  the  exceptional  oases,  the  Prim-Read  deployment, 
among  all  deployments  with  the  same  target  prices  and  Interceptor 
requirement,  minimizes  expected  target  value  destroyed  by  an  attack 
consisting  of  1  optimally  allocated  attacking  weapons  If  and  only 
if  there  is  a  subset  of  targets  whose  prices  sum  to  1.  When  there 
are  many  targets  with  relatively  low  individual  values,  it  becomes 
fairly  likely  that  the  latter  conditions  will  be  satisfied. 
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Chapter  VII 


I 


VARIATIONS 

In  this  Chapter  we  describe  how  some  of  the  initial  assump¬ 
tions  Imposed  In  (1.1)  and  (1.2)  can  be  weakened  in  order  to 
represent  certain  phenomena  of  physical  Interest  and  Importance. 
Specifically,  we  show  how  to  extend  the  basic  model  specified  by 
(1.1)  and  (1.2)  to  permit  target  dependent  intercept  probabilities, 
initially  unreliable  attacking  weapons  that  may  malfunction  before 
reaching  the  Interceptor  defense,  terminally  unreliable  attack¬ 
ing  weapons  that  may  fail  to  damage  a  target  despite  having 
successfully  penetrated  the  interceptor  defense,  and  alterna¬ 
tive  attrition  structures.  The  latter,  for  example,  may  not 
represent  an  engagement  of  an  attacking  weapon  by  n  interceptors 
simply  as  n  Independent,  one-on-one  engagements. 

To  keep  the  size  of  this  paper  finite,  we  have  only  derived 
the  forms  of  appropriately  defined  Prim-Read  deployments  and  pre¬ 
sented  interpretive  remarks  concerning  such  deployments.  Many 
of  the  optimality  and  nonoptimality  results  of  Chapters  IV,  V, 
and  VI  extend  with  essentially  no  difficulty  to  the  cases  of 
target  dependent  Intercept  probabilities  and  unreliable  attack¬ 
ing  weapons  (of  both  kinds).  Validity  of  these  results  for 
alternative  attrition  structures,  however,  Is  open  to  doubt  and 
cannot  be  resolved  without  further  research  (which  might  have 
to  be  done  on  a  case-by-case  basis). 

We  wish  to  emphasize  that  the  principal  structural  assump¬ 
tions  put  forth  in  Chapter  I  remain  in  effect.  Attacking  weapons 
directed  at  each  target  arrive  sequentially  in  time.  Interactions 
involving  different  attacking  weapons  are  probabilistically 
independent,  and  neither  attacking  weapons  nor  interofe'ptors  can 
be  adaptively  reassigned  during  the  course  of  an  attack.  We 
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have  not  examined  possible  ways  of  weakening  these  major 
assumptions . 


A.  TARGET  DEPENDENT  INTERCEPT  PROBABILITIES 

It  is  a  simple  matter  to  modify  the  basic  model  of  (1.2)  to 
allow  target  dependent  Intercept  probabilities.  This  la  desirable 
In  physical  terms  since  different  targets  might  be  defended  by 
different  kinds  of  Interceptors,  or  the  same  kind  of  Interceptors 
may  have  differing  effectiveness  at  different  targets  because, 
for  example,  of  differences  In  warning  time  or  local  environmen¬ 
tal  conditions.  Introducing  target  dependent  Intercept  proba¬ 
bilities  also  allows  representation  of  the  case  where  different 
types  of  attacking  weapons  are  directed  at  different  targets, 
provided  that  all  weapons  directed  at  a  given  target  be  of  the 
same  type.  Similarly,  there  may  be  different  types  of  Inter¬ 
ceptors  at  different  targets,  but  all  Interceptors  at  a  given 
target  must  be  of  the  same  type. 

We  assume  that  the  Assumptions  (1.2)  are  satisfied,  except 
that  the  one-on-one  penetration  probability  at  target  J  Is  now 
some  q,  «  (0,1).  By  analogy  with  Definition  (2.11),  a  deploy¬ 
ment  d*  Is  said  to  be  a  Prim-Read  deployment  with  scaling  factor 
k,  where  k  Is  a  positive  integer,  provided  that 

(7.1)  v(J)p(d»,J,l)  -  ^  »  J-l,...,Tj 

1-1,..  .,p(d*,J)  . 

Note  that  (7.1)  and  (2.12)  are  formally  identical,  but  that  now 

d(J,)t)\lad(J.l) 

j  jj’i  • 

The  counterpart  of  Theorem  (2.13)  Is  the  following  result. 

(7.2)  THEOREM.  For  each  k  ^  1  there  exists  a  unique  Prim-Read 
deployment  d*  with  scaling  factor  k,  given  by 


P(<l,j.l) 


ri-i  / 
n  I  i-c 
1-1  \ 


122 


(7.3) 


log(kv(.1 

log  Qj  » 


J  *1 >  •  •  . »T} 

1-1, . . . ,kv(J )  . 


The  close  resemblance  between  (7*3)  and  (2.1^)  Is,  of  course, 
not  coincidental.  Prom  Theorem  (7.2)  the  following  consequences 
are  Immediate. 


COROLLARY.  If  d*  Is  the  Prim-Read  deployment  with  scaling 
factor  k,  then 


p(d»,J)  -  kv(j)  ,  J-1,...,T, 

and 

I(d«)  -  -  f  . 

jil 

Since  the  proofs  of  the  Theorem  and  Its  Corollary  are 
virtually  the  saihe^as'lTftoFe  of  Theorem  (2.13)  and  Its  Corollaries 
(2,15)  and  (2.17),  we  have  omitted  them. 

As  previously  remarked,  many  of  the  results  of  Chapters  IV, 

V  and  VI  extend— with  virtually  only  notatlonal  changes— to  the 
case  of  target  dependent  Intercept  probabilities. 

B.  POSSIBLY  UNRELIABLE  ATTACKING  WEAPONS 

In  this  Chapter  we  show  how  to  represent  two  forms  of 
possible  unreliability  of  attacking  weapons,  which  we  call 
Initial  and  terminal  unreliability,  respectively.  Initial 
unreliability  accounts  for  the  possibility  that  some  attacking 
weapons  may  be  launched  but  never  arrive  at  the  interceptor 
defense  of  their  Intended  targets,  so  that  no  Interceptors  need 
to  be  deployed  against  them.  To  be  slightly  more  precise.  It 
may  develop  during  the  course  of  an  actual  attack  that  no  Inter¬ 
ceptors  have  to  be  deployed  against  Initially  unreliable  attack¬ 
ing  weapons,  but  the  defending  side  does  not  know  In  advance 
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which  attacking  weapons,  if  any,  will  be  unreliable  and  must  con¬ 
tend  with  the  possibility  that  none  will  be.  Initial  unreliability 
might  result,  for  example,  from  an  unsuccessful  launch,  an  extreme 
navigational  error,  or  a  distant  defense. 

Terminal ’unreliability  is  meant  bo  represent  the  possibility 
that  an  attacking  weapon  may  penetrate  the  defense  of  interceptors 
deployed  against  it  and  yet  fall  to  destroy  the  target .  For 
example,  there  may  be  a  local  (but  critical)  navigational  error, 
a  warhead  may  fall  to  detonate,  or  the  target  may  have  a  single, 
close-in  defense. 

We  will  deal  first  with  initial  unreliability,  which  is 
the  simpler  of  the  two  forms.  For  simplicity  we  consider  mainly 
the  single  target  case,  which  nonetheless  rather  clearly  illumi¬ 
nates  the  problem.  To  represent  initial  unreliability  we  intro¬ 
duce  the  following  hypothesis. 

(7.^)  ASSUMPTION.  Each  attacking  weapon  falls  to  arrive  at  the 
interceptor  screen  of  the  target  at  which  it  is  directed  with 
probability  1-p,  where  0  <  p  <  1.  Initial  failures  of  different 
weapons  are  mutually  Independent  and  independent  of  the  entire 
atbritlon/penetratlon  process  at  all  targets.  No  interceptors 
are  deployed  against  initially  unreliable  attacking  weapons. 

Except  for  this  modification,  the  original  Assumptions  (1.1), 
(1.2)  remain  in  force. 

In  what  follows,  although  we  continue  to  call 
p(d)  ■  mln{i;d(l)  ■  0} 

the  price  Imposed  by  a  deployment  d,  we  wish  the  reader  to  be 
aware  that  commitment  (l.e.,  launching)  of  p(d)  attacking  weapons 
no  longer  ensures  destruction  of  the  target  (unless  p  ■  1).  Prom 
the  defending  side's  point  of  view,  however,  the  interpretation 
remains  nearly  unchanged:  p(d)  -  1  is  the  number  of  attacking 
weapons  reaching  the  target  vicinity  against  which  interceptors 
are  actually  deployed. 
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We  now  say  that  a  deployment  d*  la  a  Prim-Read  deployment 
with  price  p  If  p(d*)  ■  p  and 

p(d»,l)  -  p(d<‘,2)  ■  ...  -  p(d*»p(d*))  . 

The  difference  between  this  condition  and  t2.5)  Is  that  while 
the  marginal  contributions  p(d*,l),  ...»  p(d»,p(d*))  remain 
equal  to  one  another,  they  are  no  longer  assumed  to  be  equal  to 
1/p  and  their  sum  will  now  be  less  than  one.  In  fact,  as 
Theorem  (7.5)  below  demonstrates,  each  Is  equal  to  p/p.  Let  us' 
emphasize,  at  this  point,  that  p(d*,l)  is  the  probability  that 
the  target  Is  destroyed  by  the  1^^  attacking  weapon  launched 
at  It. 

Theorem  (7.5)  also  settles  ahother  question  of  Interest. 
Recall  that  a  Prim-Read  deployment  can  be  thought  of  as  being 
either  as  strong  as  possible  subject  to  a  limited  supply  of 
available  Interceptors  or  as  strong  as  necessary  to  force  com¬ 
mitment  of  a  prescribed  number  Aq  of  attacking  weapons  In  order 
to  destroy  the  target.  Theorem  (7*5)  below  shows  that,  even 
when  there  Is  possible  Initial  unreliability,  the  Prim-Read 
deployment  is  the  same  as  when  there  Is  no  Initial  unreliability 
(l.e.,  Is  the  same  deployment  given  by  (2.7)).  There  then 
arises  the  question  of  the  appropriate  choice  of  the  price  p. 

For  the  case  of  a  deployment  constrained  by  Interceptor  resources 
It  Is  clear  that  existence  of  Initial  unreliability  should  not 
lead  the  defending  side  to  change  the  price  from  that  when  p  -  1. 
What  should  be  done  by  the  defending  side  that  attempts  to  force 
full  commitment  of  the  stockpile  of  Aq  attacking  weapons  Is  less 
clear,  but  two  principal  possibilities  emerge: 

1)  Choose  p  “  Aq,  the  same  choice  as  if  p  were  equal 
to  one. 

2)  Since  pAq  Is  the  expected  number  of  attacking  weapons 
that  are  initially  reliable  (and  against  which  interceptors 
must  be  deployed),  choose  a  Prim-Read  deployment  with  p  «  pAq. 
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The  following  result  indicates  rather  decisively  that  the 
defending  side  should  elect  the  first  of  the  two  alternatives. 


(7.5)  THEOREM.  For  each  Integer  p  ^  1,  there  exists  a  Prim- 
Read  deployment  d*  with  p(d*)  -  p,  which  is  given  by 


^  log  q  ’ 


!■!» . . 


•  ,P 


The  associated  payoff  function  is  given  by 

(7.6)  p(d»,l)  -  ^  ,  i»l,...,p 

■  ^  t>P. 

P  A-0  \  / 

i 

Recall  that  p(d*,l)  is  the  probability  that  the  target  is 
destroyed  by  the  1  attacking  weapon  oommitted.  This  weapon 
may  fall  in  three  ways  to  destroy  the  target:  the  target  may 
have  already  been  destroyed,  the  weapon  may  be  initially  unrell' 
able,  or  the  weapon  may  be  initially  reliable  but  be  destroyed 
by  the  interceptors.  Observe  that  when  p  ■  1,  (7.6)  reduces  to 
(2.5).  However,  if  p  <  1  then  p(d**,l)  >  0  for  all  1  and  no 
attack  with  finitely  many  weapons  is  certain  to  destroy  the 
target . 

To  understand  the  Implications  of  (7.6)  for  the  defending 
side,  we  note  that  for  1  >  p(d*)  ■  p  (and  provided  that  p  <  1) 
we  have 


0  <  I  T  <  £ 

P  *-  P 

and  that  the  middle  term  (l.e.,  p(d*,l))  decreases  to  zero  as 
1  If  the  attacking  side  is  attempting  to  maximize  target 

value  destroyed  it  would,  as  before,  expend  as  many  weapons  as 
possible.  But  if  the  attacking  side  is  attempting,  in  the 


manner  of  Theorem  (3.11)»  to  maximize  target  value  deatroyed  per 
attacking  weapon  committed,  It  will  expend 'p(d*)  attacking  wea¬ 
pons.  Therefore,  of  the  choices  p(d*)  -  Aq  and  p(d*)  ■  pA^,  the 
former  Is  definitely  better  for  the  defending  side. 

To  summarize,  when  there  Is  Initial  unreliability,  the 
defending  side  should  not  modify  the  choice  of  target  price 
for  a  Prim-Read  deployment. 

In  the  case,  as  well,  of  multiple  targets  and  Initial 
unreliability,  no  changes  should  be  made  by  the  defending  side, 

A  Prim-Read  deployment  d»  is  defined  by  Its  satisfying  an  equali¬ 
zation  condition  of  the  form 

v(J)p(d*,J,l)  -  v(J  ’  )p(d*,J  ’  ,1) 

-  v(J’  )p(d*,J'',2) 

* 

t 

-  v(J')P(d*,J’,p(d»,J»)) 

for  all  j  and  j’.  It  la  easily  seen  that— no  matter  what  the 
value  of  p— for  each  k  the  Prim-Read  deployment  d*  with  prices 
p(d*J)  -  kv(J),  as  given  by  (2.14),  satisfies  this  condition. 

The  preceding  discussion  for  the  single  target  case  therefore 
applies  also  to  the  multiple  target  case. 

The  results  above  show  that,  regardless  of  the  value  of 
the  Initial  reliability  p,  the  previously  chosen  Prim-Read 
deployment  should  not  be  discarded  In  favor  of  the  Prim-Read 
deployment  with  price  pAq.  However,  this  does  not  preclude 
existence  of  some  other  deployment  that  Is  superior  to  the 
original  Prim-Read  deployment. 

The  proof  of  Theorem  (7.5),  which  Is  based  on  a  straight¬ 
forward  conditioning  argument  (the  1^^  attacking  weapon  committed 
destroys  the  target  If  and  only  If  some  number  I  of  the  previous 
1-1  attacking  weapons  were  Initially  reliable  but  none  of  these 


t  h 

destroyed  the  target,  the  1  attacking  weapon  Is  initially 
reliable  and  It  penetrates  the  Interceptor  defense).  Is 
omitted. 

We  proceed  now  to  consider  terminal  unreliability,  which  is 
introduced  into  the  axiom  structure  of  (1.1)  and  (1.2)  by  the 
following  hypothesis. 

(7.7)  ASSUMPTION.  An  unlntercepted  attacking  weapon  destroys 
its  intended  target  with  probability  p  t  [0,1].  Terminal  unreli¬ 
abilities  of  different  attacking  weapons  are  independent  of  one 
another  and  of  all  other  probabilistic  aspects  of  the  intercep¬ 
tion  processes. 

mt 

When  p  ■  1  we  are  in  the  case  treated  In  Chapters  II  through 
VI j  assume  now  that  there  is  no  initial  unreliability.  The  single 
target  case  will  be  treated  first. 

As  for  the  case  of  initial  unreliability,  one  must  correctly 
interpret  the  price  imposed  by  a  deployment  d.  Destruction  of 

the  target  is  not  ensured  by  commitment  of  p(d)  attacking . 

weapons  or  even  necessarily  by  penetration  of  the  interceptor 
defense  by  p(d)  attacking  weapons,  but  only  by  penetration  of 
p(d)  terminally  reliable  attacking  weapons.  While  one  might 
introduce  an  alternative  terminology  such  as  "defense  level" 
(although,  strictly  speaking,  the  defense  level  should  p(d)-l), 
we  continue  to  use  "price"  with  the  same  mathomatlcal  defini¬ 
tion  as  above: 

p(d)  -  mln{l:d(l)»0}  . 

In  Definition  (2.4),  a  Prim-Read  deployment  d*  is  defined 
by  the  equalization  condition 

pCd'.l)  ■ 

Which,  in  particular,  implies  that 
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(7.8) 


P(d»») 

I  pCd*^,!)  -  1  . 

1-1 

To  obtain  an  analogous  condition  for  the  case  of  terminal  unreli¬ 
ability  we  equate  the  probabilities  p(d*,l) , . , . ,p(d*,p(d*) )  to 
one  another  but  not  to  l/p(d»),  as  a  consequence  of  which  (7.8) 
will  no  longer  hold. 

We  remind  that  p(d,l)  is  the  probability  that  the  target  Is 

Vi 

destroyed  by  the  1  “  attacking  weapon  launched  at  it. 

(7.9)  DEFINITION.  A  deployment  d*  Is  a  Prim-Road  doploymont  if 

(7.10)  p(d*.l)  -  p(d«,2)  p(d*,p(d»)-l)  -  p(d*,p(d»»))  . 

The  effect  of  (7.10)  is  to  equalize  the  target  value 
destroyed  by  each  attacking  weapon  against  which  there  is  a 
defense  with  that  by  the  first  attacking  weapon  against  which 
there  Is  no  defense.  It  follows  that 

0  <  p(d*,l)  <  p(d*,p(d«)) 

for  all  1  >  p(d*),  so  that  the  cumulative  payoff  function  P 
defined  by 


1 

P(dSl)  -  I  p(d»,)l) 

A-l 

Is  of  the  form  shown  In  Figure  10.  For  purposes  of  oomparlson 
we  have  shown  the  payoff  functions  for  p  «  p^,  p  ■  p^  <  and  P  “  1 
(the  latter,  of  course,  corresponds  to  no  terminal  unreliability^ . 

The  following  result  Is  analogous  to  Theorem  (2.6)  and  may 
be  proved  by  similar  methods. 

(7.11)  THEOREM.  For  each  Integer  p  ^  1  there  exists  a  Prim- 
Road  deployment  d*  with  p(d*)  «  P,  which  Is  given  by 
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l-lt-Tt-ll 


(7.12) 

It 

(7.13) 

and  that 

(7.14) 


Figure  10.  PRIM-READ  PAYOFF  FUNCTIONS  IN  THE 
CASE  OF  TERMINAL  UNRELIABILITY 

a  log  q  ’  ^ 

follows  from  (7.12)  that  the  interceptor  requirement  is 

!<"•>  ■  -  rsi-q  X  . 


P(d*,p) 


PP 

i+'('p-i'5p  ’ 


which  is  the  probability  of  the  target's  being  destroyed  by  one 


or  the  attacking  weapons  against  which  there  Is  a  defense  or  the 
first  attack.'^ ng  weapon  against  which  there  la  no  defense.  The 
reader  will  note  that  if  p  -  1,  (7.12),  (7.13)  and  (7.14)  reduce 
to  previously  derived  results.  As  one  would  expect,  it  is  also 
true  that  P(d*,p(d*))  increases  as  p  does. 

We  turn  now  to  terminal  unreliability  in  the  multiple  target 
case.  As  in  Chapters  II  and  IV  there  will  be  a  scaling  parameter 
that  Is  a  choice  variable  for  the  defending  side.  However, 
there  now  arise  complications  even  with  existence  of  Prim-Read 
deployments,  which  are  surmounted  with  a  technical  assumption 
similar  to  (5-3).  Another  alternative,  which  we  have  not  pursued, 
but  which  has  a  lengthy  history  of  success  In  two-sided  optimiza¬ 
tion  problems,  la  randomization;  cf.  [4],  An  additional  novelty 
la  that— at  least  under  the  assvunptlon  we  have  chosen — target 
prices  are  not  quite  directly  proportional  to  target  values. 
Roughly  speaking,  the  reason  for  this  Is  that  ,(7.l4)  Implies 
that  the  ratio  P(d* , p(d*) )/p(d*)  is  not  Independent  of  p(d*), 
which  It  would  be  if  there  were  no  terminal  unreliability,  and 
thl!"  necessitates  an  adjustment  of  target  prices. 

By  analogy  with  earlier  notation,  let 

P(d,j,l)  -  ^l-pq'^^'^  , 

which  Is  the  probability  that  the  target  J  Is  destroyed  by  the 
1^  attci eking  weapon  launohed  at  It.  We  then  have  the  following 
analogues  of  Definition  (7.9)  and  Theorem  (7.11). 

(7.15)  DEFINITION.  A  deployment  d*  Is  a  Prim-Read  deployment 
provided  that  for  each  two  targets  J  and  J ' 

v(J')Md*,JM)  -  v(J)p(d«,J,l) 

-  v(J )p(d*,J ,2) 

-  v(J )p(d*,J ,p(d*,J ) ) . 
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The  meaning  of  this  condition  Is  that  the  expected  target 
value  destroyed  by  each  attacking  weapon  against  which  there 
are  Interceptors  deployed  Is  the  same  and  Is  equal  to  the  target 
value  destroyed  at  each  target  by  the  first  attacking  weapon 
against  which  no  Interceptors  are  deployed. 

Unfortunately,  the  discreteness  difficulties  now  become 
severe  and  a  Prim-Read  deployment  may  not  exist .  Nonetheless 
we  do  have  the  following  result. 


(7.16)  THEOREM.  Let  Vq  -  mln{v(l),  v(T)}  be  the  minimum 
target  value.  If  k  >  1  la  an  integer  such  that  for  each  J  the 
quantity 


^11 


pv 


+  (k-l)p]  - 


Is  an  Integer,  then  there  exists  a  Prim-Read  deployment  d*  such 
that  p(d*f,J)  ■  k  for  all  targets  J  for  which  v(J)  ■  Vq.  Speci¬ 
fically,  for  each  J 


(7.17a)  p(d»,J)  -  +  (k-l)p]  +  1  -  ^ 

and 

(7.17b)  ■  ,  l.9S.(.l.^-Cp(d%J„)~l)pI 

log  q 


for  1  ■  1,  . . . ,  p(d*, J  ) . 

We  omit  the  proof  of  Theorem  (7.16). 

REMARK.  Although  we  have  not  checked  the  details  fully,  we 
believe  that  Theorem  (7.16)  remains  valid  If  everywhere — Includ¬ 
ing  In  (7. 17) —we  replace  the  terminal  reliability  p  by  target- 
dependent  terminal  reliabilities  Pj .  This  modification  Is  of 
Interest  as  a  surrogate  for  targets  that  require  more  than  one 
hit,  or  differing  numbers  of  hits,  In  order  to  be  destroyed. 
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c.  ALTERNATIVE  ATTRITION  STRUCTURES 

The  attrition  structure  specified  by  Assumptions  (1.1c)  and 
(1.2d)  may  be  too  simplistic  for  some  potential  applications  of 
our  model,  although  It  does  seem  fairly  plausible  for  the  nation¬ 
wide  defense  problem  In  which  Interceptors  are  antl-ballistlc 
missiles.  However,  even  in  this  situation  Interceptor  missiles 
might  be  under  the  control  of  a  single  tracking  system  and  might 
not  be  probabilistically  independent.  The  independence  assump¬ 
tion  is  also  questionable  If  the  Interceptors  are  aircraft  since 
Interceptor  tactics  would  presximably  Involve  various  forms  of 
cooperation.  Our  purpose  In  this  Section  Is  to  Indicate  how 
to  extend  our  basic  model  to  Include  other  forms  of  attrition 
equations.  We  restrict  our  attention  to  the  single  target  case 
since  the  assumption  of  Independence  of  intercept/attrition 
processes  at  different  targets  In  the  multiple  target  case  seems 
reasonable  in  virtually  all  potential  applications  of  the  model. 
Also,  we  continue  to  assume  that  interactions  involving  different 
attacking  weapons  are  Independent. 

Let  r(Jl)  be  the  probability  that  an  attacking  weapon  pene¬ 
trates  to  the  target  when  I  interooptors  are  deployed  against  Itj 
we  previously  assumed  that 

(7.18)  r(&)  -  q^  . 

Note  that  the  function  r  appearing  in  (7.18)  can  be  defined  and 
makes  sense  for  nonintegral  values  of  i,,  that  r  Is  continuous  and 
strictly  decreasing  as  a  function  of  1  *  C0,»),  and  that  r(0)  - 
1  and  11m  r(x)  -  0.  The  latter  properties  entail  existence 

Y-fOO 

—  1  -1 

of  an  inverse  function  r  ;(0,1)  *  [O,*)  such  that  rr  and 

r'^r  are  the  Identity  functions  on  (0,1]  and  [0,«),  respectively. 

The  next  result  shows  that  Invertlblllty  of  the  attrition 
function  suffices  to  permit  demonstration  of  existence  and  cal¬ 
culation  of  a  Prim-Read  deployment . 
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(7.19)  THEOREM.  Let  r(Jl),  the  probability  that  an  attacking 
weapon  penetrates  when  2.  interceptors  are  deployed  against  it, 
be  given  by  a  function  r:[0,«»)  -►  (0,1]  such  that 


a)  r(0)  “  Ij 

b)  r  la  continuous  and  strictly  decreasing; 

c)  llm  r(x)  -  0. 


x-*-« 


Then  for  each  integer  p  >  1  there  exists  a  unique  deployment  d* 
such  that  p(d*)  ■  p  and 


(7.20) 

The  deployment  d*  la  given  by 


p(dM)  - 


1*1 , * . . , p  < 


for  1*1,  . . . ,  p(d») . 

COROLLARY.  The  associated  interceptor  requirement  is 


I(a*)  » 


k-2 


The  proof  of  Theorem  (7.19)  is  an  entirely  straightforward 
modification  of  that  of  Theorem  (2.6)  and  is  therefore  omitted. 

The  optimality  results  obtained  in  Chapters  III,  IV,  and  V 
remain  valid  for  more  general  attrition  functions;  a  careful 
inspection  of  their  various  proofs  reveals  that  the  arguments 
used  do  not  depend  on  the  specific  form  of  the  attrition  function. 
The  nonoptlmallty  results  given  in  Examples  (3.15)  and  (4.16) 
seem  to  depend  essentially  only  on  the  strict  convexity  of  the 
attrition  function  given  by  (7.18)  and  may  remain  valid  if 
strict  convexity  is  imposed  as  an  assumption.  It  la  likely  (but 
we  have  not  worked  out  the  details)  that  the  results  of  Chapter 
VI  also  remain  valid  provided  that  the  attrition  function  be 
strictly  convex. 
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CHAPTER  SUMMARY 


In  this  Chapter  we  derive  the  forms  of  Prim-Read  deployments 
under  several  variations  of  the  basic  Assumptions  (1.1)  and  (1.2) 
these  variations  permit  representation  pf  phenomena  of  physical 
Interest  that  were  excluded  (for  reasons  of  economy  and  simpli¬ 
city)  by  our  original  assumptions.  Those  phenomena  treated  in 
this  Chapter  are  target  dependent  Intercept  probabilities,  ini¬ 
tially  unreliable  attacking  weapons  (which  may  be  launched  but 
never  arrive  at  the  interceptor  defense),  terminally  unreliable 
attacking  weapons  (which,  even  having  penetrated  the  interceptor 
defense,  may  fail  to  destroy  the  target),  and  alternative  attri¬ 
tion  structures  for  representing  the  engagement  of  a  single 
attacking  weapon  by  one  or  more  interceptors. 

The  principal  mathematical  results  of  this  Chapter  are  the 
following. 

1)  Theorem  (7.2),  which  states  that  if  the  penetration 
probability  at  target  J  is  «  (0,1)  and  if  a  Prim-Read  deploy¬ 
ment  d*  is  defined  by  the  condition  that 

v(J)p(d*,J,l)  -  i 

for  all  J  and  1,  where  k  is  a  positive,  Integral  scaling  parame¬ 
ter,  then 


dt(j  1)  -  - 

^  log  Qj 

for  J  ■  1,  ...,  T  and  1  ■  1,  ...»  p(d*,J)  ■  kv(J).  Target  prices 
remain  directly  proportional  to  target  values. 

2)  Theorem  (7.5)»  which  gives  the  form  and  payoff  function 
of  a  Prim-Read  deployment  for  the  case  of  a  single  target  and 
initially  unreliable  attacking  weapons.  Let  p  be  the  probability 
that  each  attacking  weapon  is  initially  reliable  (i.e.,  reaches 
the  vicinity  of  the  target  and  requires  a  reaction  by  the 


defending  aide).  A  deployment  d**  is  by  definition  a  Prim-Read 
deployment  If 

p(d»,l)  ■  p(d«»,2)  ■  ...  ■  p(d*,p(d<*))  . 

It  Is  shown  that  for  each  p  this  condition  Is  satisfied  by  the 
ordinary  Prim-Read  deployment  d*  with  p(d*)  ■  p,  namely,  the 
deployment  d*  given  by 

.  .  iosi£=i+ii  ;  1-1,..., 

Furthermore,  the  associated  payoff  function  Is  given  by 


p(d»,l) 


1“1 , . . . , p , 


p-1 


P  Jt-O 


l-l-A 


l>p 


In  terms  of  the  defending  aide's  choice  of  a  Prim-Read  deployment, 
no  change  from  the  case  p  ■  1  of  perfectly  reliable  attacking  wea¬ 
pons  Is  called  for;  the  defending  side  should  choose  as  If  p  were 
equal  to  1  and  not  as  If  the  attacking  side's  resources  were 
reduced  by  a  factor  of  1  -  p.  This  conclusion  holds  also  in  the 
multiple  target  case. 


3)  Theorem  (7.11),  which  gives  the  form  of  a  Prim-Read 
deployment  when  there  is  but  one  target  and  when  attacking 
weapons  may  be  terminally  unreliable.  Let  p  be  the  terminal 
reliability  of  each  attacking  weapon,  so  that  1  -  p  Is  the 
probability  that  an  attacking  weapon  fails  to  destroy  the  target 
given  that  it  has  penetrated  the  Interceptor  defense.  A  Prim- 
Read  deployment  d*  Is  defined  by  the  condition 


p(d*,l)  ■  p(d*,2)  ...  -  p(d«,p(d*)) 


and  Is  shown  to  be  given  by 

d«(l)  -  -  . 

log  q 
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Here  p(d*)  ■  mln{l;d*(l)"0}  is  one  more  than  the  number  of 
attacking  weapons  against  which  Interceptors  are  assigned  to 
be  deployed.  If  p(d*)  attacking  weapons  are  committed,  the 
target  Is  destroyed  with  probability 

p(d».p(d*))  - - eJifip - , 

1  +  (p(d»)-l)p 

which  Is  less  than  one  If  p  <  1. 

4)  Theorem  (7.16) »  which  gives  the  form  of  a  Prim-Read 
deployment  (If  It  exists)  for  the  case  of  multiple  targets  and 
terminally  unreliable  attacking  weapons.  The  equalization  con¬ 
dition  defining  a  Prim-Read  deployment  d*  Is  that 

v(J  )p(d*J  ,1)  -  v(J  )p(d»,J,2) 


-  v(J  )p(d*,J  ,p(d<»,J  ) ) 

“  v(J  '  )p(d*,J’,p(d»,J  » ) ) 


-  v(r  )p(ci»,J'.l) 

for  all  targets  J  and  J’.  If  Vq  Is  the  minimum  target  value 
and  If  k  ^  1  Is  an  integer  for  which 

+  (k-Dp]  -  r 
PVq  P 

is  an  Integer  for  each  J,  then  there  exists  a  Prim-Read  deployment 
d*  such  that  p(d*,J)  -  k  if  v(J)  -  v^.  The  deployment  d*  Is  given 
by 

.  iLLi  [1  +  (k-i)p]  +  1  -  i 

PVq  P 


p(d*,J) 
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and  by 


>  +  (im.  i)(i-  1) 

^0  ^0  p 


d»(i  1)  -  -  jbO£LL,+- J.).rl)pl 

log  q 

for  J  ■  1,  ...»  T  and  1  ■  1,  ...,  p(d*,J).  Target  prices  are  no 
longer  directly  proportional  to  target  values. 

5)  Theorem  (7.19),  which  gives  the  form  of  Prim-Read  deploy¬ 
ments  for  the  case  of  a  single  target  and  a  general  attrition 
function  (which  must  satisfy  some  mild  and  plausible  restrictions). 
The  more  general  attrition  structure  applies  only  to  an  inter¬ 
action  involving  one  attacking  weapon  and  some  Interceptors;  Inter¬ 
actions  involving  different  attacking  weapons  (or  occurring  at 
different  targets  in  the  multiple  target  case)  continue  to  be 
assumed  to  be  Independent.  Let  r(x)  be  the  probability  that  an 
attacking  weapon  Is  not  destroyed  (l.e.,  successfully  penetrates) 

If  X  lhtercepfb'r8"'are  deployed  against  It.  Under  the  assumptions 
that 

a)  r(0)  -  1; 

b)  r  Is  continuous  and  strictly  decreasing  (l.e.,  an 
Inverse  function  r”^  exists); 

c )  11m  r(x)  ■  0, 
x-*-* 

an(i  If  a  Prim-Read  deployment  d*  Is  defined  by  the  condition 

p(dM)  -  ,  l-l,...,p(d*), 

then 

for  1  «  1,  ...»  p(d*) . 
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The  optimality  results  of  Chapters  III,  IV,  and  V  extend 
to  include  all  four  phenomena  described  in  this  Chapter.  Under 
the  assumption  that  the  attrition  function  r  be  strictly  convex, 
we  believe— but  have  not  verified  in  detail— that  the  nonoptlmal 
Ity  results  of  Examples  (3*15)  and  (4,16) ,  and  also  the  results 
of  Chapter  VI,  remain  valid. 


Chapter  VIII 


SUMMARY  AND  CONCLUSIONS 

This  Chapter  summarizes  and  synthesizes  the  main  mathema¬ 
tical  results  in  this  paper  and  their  principal  physical 
implications  and  interpretations.  We  intend  it  to  be  somewhat 
more  than  a  mere  re-listing  of  our  most  important  Theorems,  but 
at  the  same  time  we  urge  the  reader  not  to  rely  on  this  Chapter 
alone  in  attempting  to  understand  the  content  of  the  paper.  A 
Summary,  no  matter  how  cogent,  cannot  convey  the  full  import  of 
the  results  and  examples  and  comments  appearing  in  the  body  of 
the  paper.  At  the  very  minimum,  the  general  discussions  in 
Chapter  I  and  Chapter  V,  and  the  Summaries  of  Chapters  II,  III, 
IV,  V,  VI,  and  VII  are  essential  reading  in  order  to  obtain  a 
usable  knowledge  of  the  paper.  After  that,  we  would  recommend 
reading  Chapters  II,  V,  IV,  VII,  VI,  and  III  in  that  order. 
Chapter  III  is  anomalous  in  that  it  is  important  to  the  concep¬ 
tual  and  mathematical  development  of  the  paper,  but  treats  the 
physically  uninteresting  case  in  which  there  is  only  one  target. 

We  have  organized  this  Chapter  in  the  following  manner. 
Section  A  is  a  concise  re-statement  of  the  important  physical 
and  decision-making  aspects  of  the  target  defense  problem  treated 
in  this  paper.  Section  B  discusses  the  defining  properties  and 
form  of  the  Prim-Read  deployments,  while  Section  C  treats  the 
Important  target  defense  principle  that  is  central  to  our  main 
results.  In  Section  D  we  re-state,  and  once  more  interpret, 
the  main  mathematical  results  of  the  paper,  all  of  which  appear 
in  Chapter  V.  A  number  of  secondary  results  are  listed  in 
Section  E.  In  Section  P  we  relate  our  work  to  previous  research 
and  existing  literature  on  defense  allocation  problems  in 
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general  and  missile/interceptor  allocation  problems  in  parti¬ 
cular.  Finally,  In  Section  Q  we  mention  briefly  a  few  aspects 
of  the  problem  that  are  treated  not  at  all  or  inadequately  in 
this  paper.  The  reader  who  has  read  the  whole  paper  may  well 
protest  that  there  couldn’t  be  any,  but  there  assuredly  are. 

A.  THE  UNDERLYING  PROBLEM  AND  THE  MODEL 

The  physical  problem  studied  in  this  paper  is  the  optimal 
use  of  limited  interceptor  resources  in  nationwide  defense  of 
population  and  production  resources  against  attack  by  enemy 
ballistic  missiles.  While  the  model  and  the  results  of  this 
paper  may  have  applicability  to  other  defense  situations  involv¬ 
ing  attacking  weapons  and  interceptors,  it  is  toward  analysis 
and  understanding  of  the  nationwide  defense  question  that  our 
research  has  been  directed. 

We  have  represented  the  optlmlaatlon  aspects  of  the  problem 
as  a  sequential,  mln-max  optimization  problem  in  which  the 
attacking  aide  is  permitted  to  optimize  its  allocation  of 
weapons  among  targets  given  full  knowledge  of  the  interceptor 
deployment  plans  of  the  defending  side.  Under  the  constraint 
of  the  attacking  side's  subsequent  opportunity  to  maximize 
target  damage,  the  defending  aide  seeks  to  minimize  target 
damage,  where  the  latter  la  measured  by  an  appropriate 
criterion. 

Table  2  indicates  schematically  the  deolslon-maklng 
structure  of  the  problem.  To  summarize  that  structure  one 
more  time,  the  defending  side,  knowing  that  attacking  weapons 
will  arrive  sequentially  at  each  target  and  that  it  must  deploy 
interceptors  without  knowledge  of  how  many  more  weapons  may 
follow,  seeks  a  deployment  schedule  that  minimizes  the  maximum 
target  damage  that  can  be  achieved  against  the  chosen  deploy¬ 
ment,  i.e.,  seeks  to  minimize  the  target  damage  inflicted  by 
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Table  2.  DECISION-MAKING  STRUCTURE  OF  THE  PROBLEM 


Time 


DECISION  MAKER:  Defending  Side 

CHOICES  TO  BE  MADE: 

1 .  Which  targets  to  defend 

2.  Allocation  of  Interceptors  to  targets 

3.  Allocation  of  Interceptors  at  each  target  to 
sequentially  arriving  attacking  weapons 

INFORMATION  AVAILABLE: 

1.  That  attacking  weapons  directed  at  each  target 
will  arrive  sequentially 

2.  Possibly,  the  size  of  attacking  side's  stockpile 
of  weapons 


GOAL: 

To  minimize  the  target  damage  that  results  from  an 
allocation  of  attacking  weapons  that  Is  optimized  on 
the  basis  of  full  knowledge  of  the  chosen  Interceptor 
deployment 


DECISION  MAKER:  Attacking  side 
CHOICES  TO  BE  MADE: 

Allocation  of  attacking  weapons  among  targets 
INFORMATION  AVAILABLE: 

Complete  knowledge  of  allocation  of  Interceptors  to 
sequentially  arriving  weapons  at  each  target 

GOAL: 

To  maximize  either  target  value  destroyed  or  target 
value  destroyed  per  attacking  weapon  committed 


an  allocation  of  attacking  weapons  that  Is  optimized  on  the 
basis  of  full  knowledge  of  the  chosen  deployment. 

Two  principal  target  damage  criteria  are  studied  In  this 
paper:  expected  target  value  destroyed  and  expected  target 
value  destroyed  per  attacking  weapon  committed.  The  former  is 
an  absolute  criterion,  whereas  the  latter  attempts  also  to 
account  for  the  generally  diminishing  yield  from  commitment  of 
additional  attacking  weapons.  Symbolically,  we  are  studying 
min-max  problems  with  objective  functions  of  the  forms 

minimize  max  V(d,a) 
d  a 


and 


minimize  max  , 

d  a  a 

where  d  la  the  Interceptor  allocation,  a  Is  the  allocation  of 

M 

attacking  weapons  among  the  targets,  VCdjS)  Is  the  resultant 
target  value  destroyed,  and  a  Is  the  number  of  attacking  weapons 
committed.  In  both  problems  we  have  Imposed  restrictions  on  a, 
which  some  of  the  time  are  treated  parametrically.  Similar 
restrictions  on  d  are  crucial  to  most  of  our  results. 

In  physical  terms,  the  most  impprtant  underlying  assump¬ 
tions  are  the  following: 

1)  Defensive  interceptors  must  be  assigned  In  advance  to 
various  targets  and  cannot  be  reassigned,  adaptively  or  other¬ 
wise,  during  the  course  of  an  attack. 

2)  Attacking  weapons  directed  at  each  target  arrive  there 
sequentially  in  time.  When  an  attacking  weapon  arrives,  the 
defending  side  does  not  know  how  many  more  attacking  weapons 
will  follow  It,  but  must  nonetheless  allocate  interceptors  to 
seek  to  destroy  it. 


3)  The  attacking  side  must  allocate. weapons  among  targets 
In  advance  of  an  attack  and  cannot  adaptlve-ly  re-allocate 
weapons  as  the  attack  progresses  (even  though  weapons  arrive 
at  each  target  sequentially). 

4)  Except  In  unrealistic  cases,  the  defending  side's 
limited  Interceptor  resources  will  prevent  its  defending  all 
of  the  targets.  Moreover,  those  targets  that  must  be  left 
undefended  will  generally  be  of  differing  values. 

The  additional  assumptions  we  have  imposed  In  order  to 
Incorporate  these  fundamental  phenomena  Into  a  tractable  mathe¬ 
matical  model  are  given  in  (1.1)  and  (1.2).  Of  these,  the 
assumption  that  a  target  Is  destroyed  with  certainty  by  an 
unlntercepted  attacking  weapon  has  the  clearest  physical 
import  and  is  probably  the  most  restrictive. 


B.  PRIM-READ  DEPLOYMENTS 


Assume  that  the  defending  side  has  a  number  T  of  targets, 
with  respective  values  v(l)  >...>,  v(T),  all  of  which  are 
assumed  to  be  positive  integers.  Let  d(J,l)  be  the  number  of 
interceptors  allocated  to  the  1^  attacking  weapon  to  arrive 
at  target  J  (of  course,  because  of  the  allocation  chosen  by 
the  attacking  side,  the  1^^^  attacking  weapon  may  never  be  com¬ 
mitted).  For  each  J  let  p(d,J)  ■  mln{i:  d(J,l)»0},  which  we 
have  defined  to  be  the  price  of  target  J  Imposed  by  the  deploy¬ 
ment  d.  By  committing  p(d,J)  weapons  to  target  J  the  attacking 
side  can  be  certain  of  Its  destruction.  Finally,  for  each  J 
and  1,  and  for  an  interceptor  deployment  d,  let 


(8.1) 


P(d,j,l) 


where  q  Is  the  one-on-one  penetration  probability.  Then,  p(d,J,i) 
is  the  probability  that  target  J  is  destroyed  by  the  1  attacking 


(  ' 


weapon  committed  to  it,  when  the  defending  side  employs  the 
Interceptor  deployment  d.  By  virtue  of  our  various  assumptions, 
p(d,J,l)  »  0  If  1  >  p(d,J)  and 


(8.2) 

no  matter  what  the  deployment  d. 


I  p(d,J,l)  -  1  , 
1-1 


The  basis  for  a  Prim-Read  deployment  can  be  stated  In  two 
ways.  In  the  more  physical  sense,  a  deployment  d^*  Is  a  Prim- 
Read  deployment  If  the  payoff  function  V(d*,*)  defined  by 


T 

(8.3)  V(d»,l)  -  max  f  v(J )P(d*, J ,a(J ) ) 

a-1  J-1 

Is  such  that  Its  graph  Is  of  the  form  shown  In  Figure  9: 
linear  on  an  interval  [0,1*]  for  some  1*  and  strictly  concave 
from  1*  up  to  the  point  1**  at  which  all  targets  are  destroyed. 
(In  (8.3),  the  maximum  Is  over  all  allocations  a-  (a(l),..., 
a(T))  of  attacking*  wgapbns  among  the  targets,  for  which 
a  -  a(l)  +...+  a(T)  Is  equal  to  l;  P(d*,J,a(J))  Is  the  cumu¬ 
lative  form  of  (8.1).)  In  the  more  mathematical  sense,  a  deploy¬ 
ment  d*  is  said  (i.e.f  defined)  to  be  a  Prim-Read  deployment  if 
for  any  two  targets  J  and  J'  that  are  initially  defended, 

(8.^)  v(J )p(d«, J ,1)  -  v(J )p(d*,J ,2) 

"  v(J )p(d*, J ,p(d*,J ) ) 

-  v(J ' )p(d*,J ' ,p(d*,J ' ) ) 


-  v(J»)p(d»J',l). 

The  Important  question  of  properly  choosing  Initially  defended 
targets  and  undefended  targets  will  be  discussed  In ’the  next 
Section . 


(  •) 


I 
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The  interpretation  of  (8.4)  Is  that  the  expected  target  value 
destroyed  by  an  attacking  weapon  committed  to  an  Initially  defended 
target  does  not  vary,  either  weapon-by-weapon  or  target-by-target, 
provided  only  that  no  target  Is  certain  to  have  been  destroyed.  One 
can  Infer  from  (8.2)  and  (8.4)  that  the  ratio  p(d*,J)/v(J)  Is  Inde¬ 
pendent  of  J  (If  target  J  Is  Initially  defended).  For  each  choice 
of  scal.lng  parameter  a  for  the  common  value  of  these  ratios  such 
that  av(J)  Is  an  Integer  for  each  Initially  defended  target  J, 
there  exists  a  corresponding  Prim-Read  deployment  d*,  which  Is 
given  by 

p(dJ,J )  -  av(J ) 


and 


,M>.  .V  loK(av(.1  )-l+l) 

(8.5J  dJ(J,l)  - - 

where  (8.5) is  valid  for  all  Initially  defended  targets  J  and  for 
1  ■  1,  ...,  av(J).  In  Chapters  II,  IV  and  V  we  took  o  to  be  an 
Integer  k,  which,  though  a  simplification,  causes  no  loss  of 
generality. 


It  can  easily  be  seen  from  (8.5)  that  a  target  of  value  1 
will  not  be  defended  If  a  ^  1,  but  may  be  defended— depending  on 
how  the  defending  side  chooses  which  targets  to  defend— if  a  >  1. 
As  previously  Intimated,  It  Is  this  choice  of  which  targets  to 
defend  that  Is  of  particular  physical  importance  and  Interest 
since  In  the  situations  to  which  this  model  Is  envisioned  as 
applicable,  the  defending  side  will  almost  never  have  sufficient 
interceptor  resources  to  defend  all  of  the  targets.  The  next 
2 action  discusses  the  mechanism  we  propose  for  choosing  which 
targets  to  defend. 


C.  THE  TARGET  DEFENSE  PRINCIPLE 

Our  proposed  rule  for  choosing  which  targets  to  defend  is 
the  following  target  defenae  prinoipla ,  stated  first  in -verbal, 
then  in  mathematical  form. 
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Verbal  Form.  Targets  must  be  defended  In  order  of  decreasing 
value  in  such  a  manner  that  the  expected  target  value  destroyed 
by  an  attacking  weapon  committed  to  an  initially  defended  target, 
provided  that  prior  destruction  of  the  target  not  be  certain, 
exceed  the  value  of  every  initially  undefended  target. 

Mathematical  Form.  A  deployment  d  satisfies  the  target 
defense  principle  if,  whenever  J  and  J'  are  targets  for  which 
p(d»J)  1  2  and  p(d,J')  ■  1  (l.e.,  target  J  is  initially  defended 
and  target  J'  is  not  defended  at  all),  then 

(8.6)  v(J )p(d,J,l)  >  v(J ' ) 

for  each  1  ■  1,  ... .,  p(d,J). 

Since  it  is  impossible  to  satisfy  (8.6)  if  v(J')  >  v(J), 
this  condition  does  Incorporate  the  requirement  that  targets  be 
defended  in  order  of  decreasing  value. 

The  reasoning  underlying  this  particular  target  defense 
principle  is  discussed  at  some  length  in  Chapters  I, A  and  V,A, 
to  which  we  refer  the  reader.'  Briefly,  the  rationale  is  that 
the  purpose  of  defending  some  targets,  but  not  all,  is  to  force 
expenditure  of  as  many  of  the  attacking  side's  resources  as 
possible  in  order  to  destroy  the  defended  targets.  That  is,  it 
is  a  patent  waste  of  interceptor  resources  to  defend  any  target 
so  heavily  that  undefended  targets  will  be  attacked  Instead. 

We  also  observe  that  the  stated  form  of  the  target  defense 
principle  is  consistent  with  the  decision-making  structure  of 
the  problem;  under  a  different  decision-making  structure  the 
same  reasoning  might  lead  to  a  qualitatively  different  defense 
principle. 

Recalling  that  v(l)  ^  >  v(T),  we  see  that  a  Prim-Read 

deployment  d*  satisfies  the  target  defense  principle  if: 

1)  There  is  some  Jq  such  that  pCd*,!)  ^2,  ...,  p(d^*,jQ) 

>  2  but  p(d*,jQ+l)  -  ...  ■  p(d*,T)  ■  1;  that  is,  the  most 
valuable  targets  are  Initially  defended. 


2 )  For  J  <  J  Q , 

(8.7)  v(Jq+1)  <  v(j )p(d*,J ,i) 

for  1  ■  1,  . . . ,  p(d*,J ) . 

Since  v(Jq+1)  >  v(J')  for  all  targets  J’  that  are  not 
defended  at  all,  (8.7)  does  Indeed  Imply  (8.6).  Since  (8.5) 
Implies  that 

’  pfdi.j)  • 

and  since  by  the  definition  of  a  Prim-Read  deployment,  we  have 
p(d*,J)  ■  av(J)  for  some  a,  (8.7)  also  Implies  that 

<8-8)  “  i  ■ 

Our  principal  results,  discussed  In  the  next  section,  are  proved 
under  an  assumption  that  equality  h.alda.in-.CjB...£L). . . . .  ,  . 

To  conclude  this  section,  we  note  that  a  Prim-Read  deploy¬ 
ment  d*  satisfying  the  target  defense  principle  possesses 
a  payoff  function  V(d*,0,  as  defined  by  (8.3),  that  Is  of  the 
form  shown  In  Figure  9-  Somewhat  more  specifically,  V(d*,*) 

Is  linear  on  an  Interval  [0,1*]  corresponding  to  destruction  of 
the  Initially  defended  targets;  here  1*  is  the  number  of 
attacking  weapons  needed  to  destroy  all  of  the  Initially 
defended  targets.  Thereafter,  V(d*,’)  Is  strictly  concave  up 
to  the  point  1**,  which  represents  the  number  of  attacking  wea¬ 
pons  necessary  (If  optimally  allocated)  to  destroy  all  of  the 
targets.  Furthermore,  only  Prim-Read  deployments  satisfying 
the  target  defense  principle  have  payoff  functions  of  this 
form. 


149 


D.  MAIN  MATHEMATICAL  RESULTS 

The  most  Important  mathematical  results  in  this  paper 
appear  in  Chapter  V  and  concern  optimality  (and  nonoptimality) 
properties  of  Prim-Read  deployments  that  satisfy  the  target 
defense  principle,  relative  to  a  set  of  comparable  deployments 
that  also  satisfy  the  target  defense  principle.  In  Chapter  V 
we  impose  the  hypothesis  that 

v(l)  >  . . .  >  v(T)  , 

which  is  not  very  restrictive,  and  the  hypothesis  that  v(J)/ 
v(J+l)  be  an  integer  for  each  J.  This  latter  hypothesis  is 
restrictive,  but  many  of  our  results  don’t  require  its  full 
force  and  we  also  discuss  in  Chapter  V  several  ways  of  minimiz¬ 
ing  its  restrictive  effects. 

The  main  results  established  in  Chapter  V  are  the  following. 

1)  Under  the  hypotheses  noted  above,  for  each  Jq  there 
exists  a  maximally  strong  Prim-Read  deployment  d**  that  satisfies 
the  target  defense  principle',  initially  defends  targets  1,...,Jq, 
and  leaves  targets  Jq+I,*.  ..,T  undefended.  That  deployment  d*  is 
given  by 

(8-9)  ,  1.1 . „(j), 

Where  n(j)  -  v(J )/v( J q+1) .  In  order  that  this  deployment  be 
defined  we  are  forced  to  assume  that  v(J)/v(Jq+1)  is  an  Integer 
for  each  J  <  Jq.  The  result  which  gives  the  existence  and 
explicit  form  of  the  Prim-Read  deployment  d*  is  Theorem  (5.7). 

2)  If  d*  is  the  Prim-Read  deployment  corresponding  to 
initial  defense  of  targets  1,  ...,  Jq,  as  given  by  (8.9),  then 
d*  is  the  unique  solution  to  the  optimization  problem 
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(8.10) 


minimize  m'ax 


V(d.r) 


l<r < p ( d* ) 


s.t.  1(d)  <  I(d*)  . 


In  (8.10),  the  quantity 

T 

p(d«)  »  I  p(d«,J) 

J-1 

Is  the  number  of  attacking  weapons  needed — against  the  Prim-Read 
deployment  d*— in  order  to  destroy  all  of  the  targets.  Observe 
that  In  (8.10)  the  deployment  d  Is  not  constrained  to  satisfy 
the  target  defense  principle.  Therefore,  the  content  of  this 
result,  which  is  Theorem  (5.9) »  is  that  among  all  deployments 
requiring  no  more  Interceptors  than  It  does,  the  Prim-Read 
deployment  uniquely  minimizes  the  maximum  target  value  destroyed 
per  attacking  weapon  committed. 

3)  If  d*  Is  the  Prim-Read  deployment  corresponding  to 
defense  of  targets  1,  ...,  as  given  by  (8.9),  and  If 


A  <  I  p(d*,J)  , 

J»1 

then  d*  Is  a  solution  to  the  optimization  problem 


(8.11)  minimize  V(d,A) 

s.t.  Kd)  <  l(d») 

d  satisfies  the  target  defense  princi¬ 
ple  and  defends  targets  1,...,Jq. 

Moreover,  If  A  ^  p(d*,l)  -  1  (the  latter  Is  the  maximum  number 
of  attacking  weapons  against  which  any  target  Is  defended),  then 
the  Prim-Read  deployment  d»  Is  the  unique  solution  to  the 
problem  (8.11).  This  result,  which  Is,  Theorem  (5.17),  states 
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that  among  deployments  satisfying  the  target  defense  principle 
and  requiring  no  more  Interceptors  than  the  Prim-Read  deployment 
d**,  the  latter  minimizes  the  target  value  destroyed  by  an 
optimized  attack  consisting  of  A  weapons,  provided  that  A  be  less 
than  or  equal  to  the  total  of  the  Prim-Road  prices  of  the  Initially 
defended  targets.  If,  In  addition,  A  Is  greater  than  or  equal  to 
the  maximum  number  of  attacking  weapons  against  which  any  target 
Is  defended,  then  the  Prim-Read  deployment  uniquely  minimizes  the 
target  value  destroyed. 

4)  If  d*  is  the  Prim-Read  deployment  corresponding  to  defense 
of  targets  1,  ...,  Jq,  as  given  by  (8.9),  then  there  exists  a 
deployment  d,  which  can  be  calculated  explicitly,  such  that  d 
satisfies  the  target  defense  principle,  such  that  1(d)  ■  I(d*), 
and  such  that 


V(d,A)  -  V(d*,A)  -  1  <  V(d»,A) 

for  all  A  satisfying 

Jq  •  T 

I  p(d»,J)  <  A  <  I  p(d»,J)  . 

J-1  J-1 

This  recult,  which  Is  Theorem  (5*32)  and  to  the  proof  of  which 
the  reader  Is  referred  for  the  explicit  construction  of  the  deploy¬ 
ment  d,  states  not  only  that  the  Prim-Read  deployment  d*  falls 
to  minimize  target  value  destroyed  by  an  attack  of  size  A  that  is 
large  enough  to  destroy  all  of  the  initially  defended  targets 
together  with  at  least  one  of  the  initially  undefended  targets 
yet  not  large  enough  to  destroy  all  the  targets,  but  also  that 
In  fact  there  exists  a  deployment  d  satisfying  the  target  defense 
principle  and  requiring  no  more  Interceptors  than  does  d*,  that 
Is  uniformly  superior  to  d*— In  terms  of  target  value  destroyed— 
for  all  such  attack  sizes. 

In  broad  terms,  the  Prim-Read  deployment  minimizes  target 
value  destroyed  by  an  optimized  allocation  of  attacking  weapons 
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if  the  attack  size  Is  at  most  sufficient  to  destroy  the  Initially 
defended  targets  and  does  so  uniquely  If  the  attack  size  Is  not 
too  small.  However,  the  Prim-Read  deployment  does  not  minimize 
target  value  destroyed  by  an  optimized  allocation  of  attacking 
weapons  if  the  attack  is  sufficiently  large  to  be  able  to  destroy 
at  least  one  of  the  initially  undefended  targets.  These  opti¬ 
mality  statements  are  relative  to  the  set  of  deployments  satis¬ 
fying  the  target  defense  principle  and  not  requiring  more  inter¬ 
ceptors  than  does  the  Prim-Read  deployment.  On  the  other  hand, 
for  the  criterion  of  maximum  target  value  destroyed  per  attacking 
weapon  committed,  the  Prim-Read  deployment  is  uniquely  optimal 
relative  to  the  (larger)  set  of  deployments  not  requiring  more 
interceptors  (but  also  not  necessarily  satisfying  the  target 
defense  principle). 

We  emphasize  that  in  most  of  the  above  optimality  results 
the  alternatl/e  deployments  are  not  constrained  to  defend  pre¬ 
cisely  the  targets  1,  ...»  Jq. 

Table  3  provides  a  final  summary  of  these  important  opti¬ 
mality  properties. 

There  is  one  further  interesting  optimality  property  pre¬ 
sented  in  Chapter  V,  namely  Theorem  (5.22),  which  asserts  that 
if  d*  is  the  Prim-Read  deployment  that  defends  targets  1,  ...» 

Jq,  as  given  by  (0.9),  then  d*  is  the  unique  solution  to  the 
optimization  problem 

^0 

(8.12)  maximize  p(d,J) 

J-1 

s.t.  d  satisfies  the  target  defense  principle. 

That  is,  among  all  deployments  satisfying  the  target  defense 
principle  and  initially  defending  targets  1,  ...,  Jq,  the  Prim- 
Read  deployment  d*  uniquely  maximizes  the  resource  commitment 
thereby  imposed  on  the  attacking  side  in  order  to  destroy  the 
initially  defended  targets. 
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Table  3.  SUMMARY  OF  OPTIMALITY  PROPERTIES  OF  PRIM-READ 
DEPLOYMENTS  UNDER  THE  TARGET  DEFENSE  PRINCIPLE 


Criterion 


Optimality  Properties  of 


V(d.A) 


1)  Optimal  relative  to  {d:  1(d)  <  I(d*)  and 
d  satisfies  the  target  defense  principle} 
If  A  <  p^d’^.l)  -  1  «  max  p(d*,j)  -  1. 

d 


2)  Uniquely  optimal  relative  to  {d:  1(d) 

<  I(d^)  and  d  satisfies  the  target  defense 

'^0 

principle}  If  p(d*,l)  -  1  <  A  <  I  p(vi*,j). 

”  j-} 


3)  Uniformly  Inferior  to  a  known  deployment  d 
such  that  1(d)  I(d*)  and  d  satisfies  the 

target  defense  principle,  If 


T 

p(dSJ)  <  A  <  X 
J-1 


P(d*,j). 


max 

1 <r<p(d*) 


V(d.r) 

r 


Uniquely  optimal  relative  to  {d:  I(d)<I(d*)}. 


For  further  Information  on  the  results  summarized  here,  the 
reader  is  referred  to  Chapter  V. 

E.  MATHEMATICAL  RESULTS  OF  SECONDARY  IMPORTANCE 

As  we  have  stated  several  times  previously,  we  believe  that 
the  results  of  Chapter  V  are  the  most  Important  in  the  paper 
because  they  apply  to  the  physically  meaningful  case  wherein 
many  targets  of  differing  values  must  be  left  undefended.  The 
results  of  Chapters  IV  and  VI  pertain  to  the  multiple  target  case, 
but  only  when  either  all  targets  are  defended  or  only  targets  of 
unit  value  are  left  undefended.  While  this  latter  situation  is 
not  necessarily  very  Interesting  physically,  it  is  quite  inter¬ 
esting  mathematically.  The  results  given  in  Chapters  IV  and  VI 
are  Illuminating  complements  to  the  results  in  Chapter  V,  for 
they  clarify  the  significance  of  the  undefended  targets  and  of 
the  target  defense  principle.  Furthermore,  these  results  do  ■ 
develop  interesting  and  further  optimality  properties  of  Prim- 
Read  deployments.  For  these -reasons  we  will  now  give  a  brief 
summary  of  the  results  of  Chapters  IV  and  VI. 

Chapter  IV  is  a  general  exploration  of  optimality  properties 
of  Prim-Read  deployments  dj^  of  the  form 

(8.13)  d|*(J,l)  -  - 

for  J  -  1,  ...,  T  and  1-1,  ...,  kv(J)  -  p(dJ,J),  where  k  is  a 
positive  Integer.  Note  that  all  targets  are  Initially  defended 
unless  k  -  1  and  that  in  this  latter  case  only  targets  of  value 
1  are  left  entirely  undefended. 

The  main  optimality  results  established  in  Chapter  IV  are 
the  following. 

1)  If  k  la  fixed,  then  the  Prim-Read  deployment  d*  given 
by  (8.13)  is  the  unique  solution  to  the  optimization  problem 


log(kv(.1  )-i+l! 
log  q 


CB.lii) 


minimize  1(d) 
s.t.  p(d)  ■  p(d||,) 

max  i  . 

llf-lpCdJ) 


That  la,  subject  to  a  fixed  total  of  target  prices  and  a  con¬ 
straint  on  the  maximum  target  value  destroyed  per  attacking 
weapon  committed,  the  Prim-Read  deployment  uniquely  requires 
the  fewest  interceptors}  this  assertion  is  Theorem  (4.7). 

2)  For  each  k,  the  Prim-Read  deployment  dj»  given  by  (8.13) 
is  the  unique  solution  to  the  optimization  problem 


(8,15)  minimize  max  ^ 

l<,r<_p(d) 

s.t.  p(d)  ■  p(d*) 

k 

1(d)  <  I(dj»)  . 


Of  all  deployments  with  the  same  total  of  target  prices  and 
Interoeptor  requirement  not  exceeding  that  of  the  Prim-Read 
deployment  d*,  the  latter  uniquely  minimizes  the  maximum  target 
value  destroyed  per  attacking  weapon  committed.  This  result  is 
Theorem  (4.8). 


Two  Interesting  characterizations  (not  involving  optimality 
properties)  of  Prim-Read  deployments  are  also  established  in 
Chapter  IV}  they  are  the  following. 


1)  For  each  k,  the  Prim-Read  deployment  d|*  given  by  (8.13) 
is  the  only  deployment  d  such  that  p(d)  ■  p(d|*),  1(d)  <  ICdj*)  and 
V(d,*)  is  convex  on  C0,p(d)].  This  particular  result  is  demon¬ 
strated  in  Theorem  (4.3). 


2)  For  a  defensive  deployment  d  and  a  target-by-target 
allocation  of  attacking  weapons  a,  let 
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I 


V(d,a)  - 

which  is  the  expected  target  value  destroyed.  Then  It  is  shown 
in  Theorem  (4.10)  that  for  each  k,  among  all  deployments  d  for 
which  p(d)  ■  pCd*)  and  1(d)  <  I(d|*),  only  the  Prim-Read  deploy¬ 
ment  d*  given  by  (8.13)  makes  V(d,a)  dependent  on  the  allocation 
a  only  through  its  total  size  a  ■  ][  a(J).  That  is,  with  the 
total  of  target  prices  and  the  defending  side's  interceptor 
resources  fixed,  only  the  Prim-Read  deployment  dj*  prevents 
the  attacking  side  from  beneflttlng  by  its  being  able  to  opti¬ 
mize  the  allocation  of  attacking  weapons  among  the  targets  on 
the  basis  of  full  knowledge  of  the  deployment  chosen  by  the 
defending  side. 

Finally,  it  la  shown  in  Example  (4.l6)  that  with  k  fixed 
the  Prim-Read  deployment  d*  given  by  (8.13)  is  not  a  solution 
to  the  optimization  problem 

(8.16)  minimise  V(d,kv) 

s.t.  1(d)  <  I(d»)  , 

nor  even  to  trie  more  restricted  problem  in  which  interceptor 
resources  are  constrained  on  a  target-by-target  basis  to  their 
Prim-Read  levels.  However,  the  Prim-Read  deployment  dj*  is 
robust  in  the  sense  of  being  within  10  percent  of  the  uniform 
deployment  for  the  problem  (8.l6). 

In  Chapter  VI  we  consider  the  effect  of  fixing  individual 
target  prices  at  Prim-Read  levels,  fixing  the  defending  side's 
interceptor  resources  at  the  Prim-Road  level,  and  employing  the 
criterion  of  target  value  destroyed,  where  the  number  of  attack¬ 
ing  weapons  is  treated  as  a  parameter  in  the  analysis.  Speci¬ 
fically,  we  show  in  Theorem  (6,13)  that  if  d*  is  the  Prim-Read 
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deployment  given  by  (8.13)  with  k  ■  1,  then,  except  for  a  small 
number  of  known  exceptional  cases,  d**  Is  a  solution  to  the  opti¬ 
mization  problem 

(8.17)  minimize  V(d,l) 

s.t.  p(d,J)  -  p(d*,J)  -  v(J),  J-1,...,T, 

1(d)  <  I(d») 

if  and  only  if  there  is  a  set  of  targets  that  can  be  exactly 
destroyed  by  1  attacking  weapons  in  the  sense  that 

1  -  I  v(J)  . 

J.Jq 

We  will  not  re-state  the  results  of  the  remaining  Chapters, 
namely  Chapters  II,  III,  and  VII.  In  Chapter  II  we  show  how  to 
derive  the  form  of  Prim-Read  deployments  from  hypotheses  of  the 
form  (8.4).  ■  Chapter  III  develops  optimality  properties  of  Prim- 
Read  deployments  in  the  single  target  oase.  While  this  case  is 
essentially  meaningless  in  terms  of  the  physical  problems  that 
motivated  our  research,  it  is  important  because  the  results  and 
the  techniques  of  proof  appearing  in  Chapter  III  provide  (as  it 
turns  out)  the  correct  point  of  view  from  which  to  approach  the 
multiple  target  case.  Finally,  Chapter  VII  derives  the  forms 
and  investigates  some  extremely  basic  properties  of  Prim-Read 
deployments  when  certain  of  the  hypotheses  given  in  (1.1)  and 
(1.2)  are  weakened.  Specifically,  we  calculate  Prim-Read 
deployments  for  the  cases  of; 

1)  Target  dependent  intercept  probabilities; 

2)  Initially  unreliable  attacking  weapons  that  are  launched 
but  may  or  may  not  reach  the  vicinity  of  the  target  and  require 
interceptors  to  be  deployed  against  them; 
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3)  Terminally  unreliable  attacking  weapons  that  may  fall  to 
destroy  the  target  despite  their  not  having  been  Intercepted; 

4)  Alternative  forms  of  attrition  equations  for  the  Inter¬ 
action  Involving  one  attacking  weapon  and  several  interceptors. 

We  refer  the  reader  to  Chapter  VII  or  to  its  summary  for 
the  explicit  results  obtained. 

Table  4  below  lists  the  major  and  many  of  the  secondary 
results  of  the  paper  grouped  by  the  general  form  of  the  result. 
Using  It,  the  reader  may  easily  compare  and  contrast  analogous 
results  In  different  oe  isa. 

F.  RELATED  RESEARCH  ON  INTERCEPTOR  ALLOCATION  PROBLEMS 

We  emphasize  from  the  beginning  that  this  section  is  not 
Intended  to  be  (and  is  not)  a  comprehensive  survey  of  the  vast 
existing  literature  on  problems  related  to  allocation  of  nombat 
resources,  or  even  of  problems  related  to  allocation  of  inter- 
■oeptors'  as  a  defense  against  attacking  missiles.  Rather,  the 
following  discussion 

1)  concentrates  on  wox>k  related  directly  or  nearly  directly 
to  Prim-Read  deployments; 

2)  emphasiiiee  papers  dealing  primarily  with  mat hema,t leal 
optimality  questions  as  opposed  to  the  "real-world"  decision 
problem  giving  rise  to  those  questions; 

3)  entirely  excludes  consideration  of  the  physical  nature 
of  the  interception  process  Itself;  and 

4)  draws  almost  exclusively  upon  the  open  literature. 

So  far  as  we  can  determine,  the  defensive  deployment  we 
have  called  the  Prim-Read  deployment  was  first  proposed  by 
W.T.  Read,  Jr.,  In  [15].  R.C.  Prim  seemingly  performed  much 
of  the  fundamental  mathematical  research  leading  to  [15], 


Table  4.  ANALOGOUS  RESULTS  FOR  DIFFERENT  CASES 


Kind  of  Result 

Specific  Instances 

Form  of  Prim-Read  deployment 

Single  target:  Theorem  (2.6) 

Multiple  target:  Theorem  (2.13) 

Under  target  defense  principle: 
Theorem  (5.7) 

With  target  dependent  Intercept 
probabilities:  Theorem  (7.2) 

With  initially  unreliable  attack¬ 
ing  weapons:  Theorem  (7.5) 

With  terminally  unreliable  attack¬ 
ing  weapons:  Theorems  (7.11 ),  (7.16) 

With  general  attrition  function: 
Theorem  (7.19) 

Convexity  characterization  of 

Prim' Read  deployment 

Single  target:  Theorem  (3,1) 

Multiple  target:  Theorem  (4.3) 

Optimal it>  properties  for  target 
value  destroyed 

Single  target:  Example  (3.15) 

Multiple  target:  Example  (4.16); 
Theorem  (6.13) 

Under  target  defense  principle: 
Theorems  (5.17)  and  (5.32) 

Optimality  properties  for  target 
value  destroyed  per  attacking 
weapon  committed 

Single  target:  Theorem  (3.11) 

Multiple  target:  Theorem  (4.8) 

Under  target  defense  principle; 
Theorem  (5.9) 

Optimality  properties  for  Inter¬ 
ceptor  requirement 

Single  target:  Theorem  (3.9) 

Multiple  target:  Theorem  (4.7) 

Optimality  property  for  target 
prices 

Under  target  defense  principle: 
Theorem  (5.22) 
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despite  his  not  being  named  as  a  co-author.  Attribution  of  the 
deployment  to  both  men  seems  as  fair  as  It  Is  established.  In 
[15]  the  Prim-Read  deployment  Is  proposed  on  the  grounds  that: 

1)  Given  an  interceptor  allocation,  the  attacking  side 
should  commit  that  number  of  weapons  which  maximizes  the  cumu¬ 
lative  penetration  probability  per  weapon  committed.  That  is, 
the  attacking  side  should  choose  1*  such  that 

.  max  51^  , 

1 

where  P(l)  Is  the  probability  that  one  of  the  first  1  attacking 
weapons  destroys  the  target.  This  is  one  of  the  criteria  we 
have  considered  In  this  paper. 

2)  Under  the  assumption  that  this  will  be  done,  the  defend¬ 
ing  side  should  in  some  undefined  way  attempt  to  make  all  ways 
of  maximizing  P(i)/1  the  same  to  the  attacking  side. 

The  deployment  satisfying  (2.5)  is  then  asserted  to  achieve 
the  defending  side's  objective.  We  have  seen  in  the  preceding 
Chapters  that,  in  several  senses,  it  does. 

In  [15],  Read  also  mentions  that  his  proposed  deployment 
makes  the  probability  of  scoring  a  kill  the  same  for  all  attack¬ 
ing  weapons.  It  is  this  property  (and  optimality  properties 
heurlstlcally  inferred  to  follow  from  It)  that  seems  to  motivate 
references  to  and  applications  of  the  Prim-Read  deployment  dur¬ 
ing  the  1960s.  As  representative  examples  we  mention  the  mono¬ 
graph  of  Eckler  and  Burr  [8],  the  two  papers  of  Berger  [2,3]  and 
the  paper  of  Everett  [9].  In  [8]  and  [9]  the  Prim-Read  deploy¬ 
ment  is  referred  to  as  the  constant  value  decrement  (CVD)  deploy¬ 
ment,  especially  in  the  multiple  target  case.  A  recurring  con¬ 
jecture  in  these  works  is  that  unlformlty~aa  expressed  in  (2.12)  — 
implies  optimality  according  to  some  objective  function.  In  this 
paper  we  have  formulated  and  verified  several  specific  versions  of 
this  conjecture. 


In  the  Air  Force  Syllabus  of  Equations  for  Force  Effective¬ 
ness  Analysis  [19]  there  appear  several  detailed  derivations  of 
formulas  associated  with  the  Prim-Read  deployment,  such  as  the 
Interceptor  requirement  I*  given  In  (2.8).  Consideration  Is 
also  given  to  possible  use  of  decoys  by  the  attacking  side.  In 
[9],  Everett  treats  the  CVD  deployment  for  ’’dilute"  attacks,  In 
which  a  successfully  penetrating  attacking  weapon  Is  not  certain 
to  destroy  a  target.  His  results  appear  to  differ  from  those  we 
present  in  Chapter  VII. 

Essentially  none  of  these  papers  treats  the  multiple  target 
case  under  assumption  of  the  target  defense  principle,  and  none 
of  them  contains  the  detailed  derivations  and  Interpretations  of 
optimality  properties  that  are  given  in  this  paper. 

The  general  problem  of  allocating  Interceptors  and  attacking 
weapons  among  targets  has  a  lengthy  and  detailed  history;  work  on 
It  before  1971  is  surveyed  by  Matlln  In  [11],  and  much  general 
information  Is  contained  in  the  Air  Force  Syllabus  [19]  and  In 
the  books  of  Danskln  [6]  and  Dresher  [7].  Our  particular  problem, 
with  sequential  arrivals  of  attacking  weapons  and  local  defenses 
(l.e.,  Interceptors  that  cannot  be  reassigned),  is  discussed  in 
the  papers  of  Berger  [2,3],  Qorflnkel  [10],  Perkins  [13],  and 
Shumate  and  Howard  [17].  While  some  of  these  authors  obtain 
results  similar  to  ours,  none  of  them  Is  particularly  careful 
about  either  formulation  or  establishment  of  optimality  results. 
Nonetheless,  we  suggest  that  these  papers  be  consulted  In  order 
that  the  reader  develop  a  better  understanding  of  the  problem. 

It  is  interesting  to  note,  however,  that  Perkins  In  [13] 
asserts  that  (an  ill-defined)  optimality  obtains  when  the  ratio 
of  attacking  strength  to  defending  strength  Is  the  same  at  all 
targets,  which  does  not  occur  for  Prim-Read  deployments  except 
when  all  targets  have  the  same  value. 

Several  of  the  papers  referred  to  above  put  forth  concepts 
of  the  role  of  defenses  and  the  goal  of  committing  resources  to 
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defensive  purposes  that  are  similar  to  those  followed  In  this 
paper.  This  is  particularly  so  in  regard  to  the  role  of  the 
target  defense  principle  of  Chapter  V  in  the  situation  in  which 
many  targets  must  be  left  undefended.  For  example,  Read  in  [15] 
states  that  the  purpose  of  a  defense  is  to  raise  the  price  of 
destroying  some  targets  to  the  point  that  not  many  targets  can 
be  attacked.  The  defending  side,  then,  does  not  benefit  in 
terms  of  the  targets  that  are  defended  and  attacked  but  rather 
in  terms  of  the  undefended  (and,  under  the  target  defense  prin¬ 
ciple,  less  valuable)  targets,  which  the  attacking  side — it  is 
hoped— will  not  have  sufficient  resources  to  attack.  Brodhelm, 
Herzer,  and  Russ  assert  in  [5]  that  "...an  active  defense  system 
cannot  prevent  a  determined  and  powerful  offense  from  destroying 
a  given  number  of  targets.  Pacing  such  an  opponent,  the  defense 
objective  la  generally  to  maximize  the  offensive  cost  of  such  an 
attack."  It  is  also  well  recognized  that  this  entails  defending 
targets  in  order  of  decreasing  value  [19]. 

The  idea  that  the  defending  side  should  choose  its  deploy¬ 
ment  under  the  assumption  that.,  the  attacking  side  will  thereafter 
optimize  against  it  is  a  central  idea  of  mln-max  theory  [6,7]. 
Specifically  in  terms  of  defense  deployment  problems,  one  finds 
in  [14]  the  statement  by  Pugh  that  the  defending  side  should 
"...choose  that  allocation  of  defense  resources  that  will  give 
best  protection  when  an  attack  is  optimized  against  whatever 
defenses  are  chosen."  The  concept  that  the  proper  decision 
criterion  is  expected  target  value  destroyed  is  so  common  and 
accepted  that  it  defies  attribution  to  any  individual,  while 
that  the  criterion  should  be  (expected)  target  value  destroyed 
per  attacking  weapon  committed  is  widely  proposedj  cf.  [2,3,13, 
19] ,  for  example. 

It  is  virtually  universally  agreed  that  appropriate  opti¬ 
mality  criteria  involve  expectations.  This  use  of  expectations 
^  is  subtly  related  to  the  target  defense  principle:  when  the 
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criterion  Involves  expected  target  value  destroyed  (regardless 
of  whether  normalized  by  the  number  of  attacking  weapons  com¬ 
mitted)  It  Is  sensible  to  defend  the  more  valuable  targets  In 
order  to  force  expenditure  of  attacking  weapons  to  destroy 
those  targets.  It  would  not  make  sense  to  defend  any  target 
(even  the  most  valuable  one)  so  heavily  that  It  will  not  be 
attacked  at  all,  for  the  attacking  aide  would  then  simply 
attack  the  undefended  targets,  which  renders  the  Interceptors 
essentially  useless. 

Employment  of  the  concept  of  the  price  of  a  target,  In  the 
sense  of  price  being  a  measure  of  the  resources  that  the  attack¬ 
ing  side  must  commit  In  order  to  bring  about  a  certain  level  of 
target  destruction,  goes  back  at  least  to  Read  [15]-  In  [15], 
the  price  of  the  target  is  defined  as 

”  ■  ' 

For  Prim-Read  deployments  this  coincides  with  price  as  defined 
by  (2.1).  For  other  deployments  It  seems  best  interpreted 
through  the  equation 


i.e.,  o  attacking  weapons,  each  with  the  same  probability  ~  of 
destroying  the  target,  would  destroy  the  target  with  certainty 
under  a  linear  payoff  function. 

Similar,  although  not  always  Identical,  definitions  of 
price  may  be  found  In  the  Air  Force  Syllabus  of  Equations  for 
Force  Effectiveness  Analysis  [19]  and  In  the  papers  of  Berger 
[2,3],  Everett  [9]  and  Shumate  and  Howard  [17]. 

The  Idea  that  target  prices,  In  the  multiple  target  case, 
should  be  proportional  to  target  values  has  been  harder  for  us 
to  trace.  It  appears  with  no  Justification  in  the  Air  Force 
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Syllabus  [19]  and  la  assumed  by  Shumate  and  Howard  [17] »  again 
with  absolutely  no  Justification,  to  be  optimal  In  the  sense  of 
minimizing  maximum  target  damage  per  attacking  weapon.  In  view 
of  the  allegation  by  some  authors  that  optimal  defensive  deploy¬ 
ments  require  that  Interceptor  totals  (or  possibly  both  inter¬ 
ceptor  totals  and  attacking  weapon  commitments)  be  proportional 
to  target  values,  it  would  be  Interesting  to  have  a  more  detailed 
account  of  the  development  of  these  differing  opinions. 

Mln-max  aspects  of  the  missile  allocation  problem  are 
treated  In  the  books  of  Danskln  [6]  and  Dresher  [7]  and  in  the 
papers  by  Pearsall  [12]  and  Soland  [18].  None  of  those  authors, 
however,  gives  explicit  consideration  of  Interceptor  deployments 
against  sequentially  arriving  penetrators. 


!■ 


( 


I  I 


G.  POSSIBLE  QUESTIONS  FOR  FURTHER  RESEARCH 

The  following  are  a  few  potentially  significant  facets  of 
the  basic  problem  treated  In  this  paper  that  are  discussed  either 
not  at  all  or  too  shallowly.  Further  research  on  the  problem 
might  profitably  be  directed  to  these  questions. 

1)  Except  Implicitly  when  dealing  with  minimizing  the  number 
of  Interceptors  required  or  when  Imposing  on  the  defending  side  a 
constraint  on  the  number  of  interceptors  available,  we  have  not 
Included  any  discussion  of  cost  structures.  Especially,  we  have 
not  considered  how  certain  expenditures  by  one  side  can  force 
the  other  side  into  potentially  equally  or  more  costly  responses. 
In  general  this  is  a  neglected  part  of  military  modelling:  to 
what  extent  is  a  resource  expenditure  valuable  because  It  Imposes 
a  compensating  expenditure  on  the  other  side,  which  then  may  be 
unable  to  meet  other,  important  goals?  In  the  context  of  the 
problem  treated  in  this  paper,  the  defending  side  might  wish  to 
Increase  the  prices  of  the  targets  in  order  to  attempt  to  force 
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the  attacking  side  to  ^.llocate  more  attacking  weapons  to  destruc¬ 
tion  of  those  targets. 

The  whole  question  of  attempts  to  force  on  the  opposing 
side  resource  expenditures  or  allocations  It  might  not  other¬ 
wise  undertake  seems  very  worthy  of  further  study  In  essen¬ 
tially  all  combat  contexts. 

Finally,  we  do  not  consider  possibly  large  fixed  costs 
(e.g.,  for  radar)  that  may  render  Infeasible  defense  of  certain 
low  value  targets  that  would  otherwise  be  defended.  Fixed 
costs  could  also  create  difficulties  In  completing  defense  of 
a  more  valuable  target. 

2)  We  have  considered  only  local  (l.e.,  point)  defenses  In 
this  paper.  The  case  of  mixed  area/point  defenses  is  physically 
meaningful  and  mathematically  Interesting,  and  therefore  merits 
some  attention. 

3)  For  a  Prim-Read  deployment,  the  payoff  function  is 

linear  down  to  the  origin.  However  In  reality  It  may  be  known 
(or  the  defense  may  be  willing  to  believe)  that  the  attack  size 
is  certain  to  exceed  some  lower  bound  In  this  case  the 

Prim-Read  deployment  is  a  misuse  of  resources  because  it  protects 
against  attack  sizes  less  than  which  cannot  occur.  Perhaps 

a  different  deployment  using  the  same  number  of  interceptors 
yields  a  payoff  function  that  Is  linear  over  the  range  of 
possible  attack  sizes  and  lower  over  the  same  range  than  the 
payoff  function  of  the  Prim-Read  deployment.  Such  "modified 
Prim-Read  deployments"  are  certainly  worthy  of  additional 
research  effort. 

4)  The  assumption  that  attacking  weapons  arrive  sequentially 
at  each  target  is  so  fundamental  to  our  model  that  a  major  alter¬ 
ation  of  it  would  lead  to  an  entirely  new  model.  Nonetheless, 
minor  but  physically  meaningful  variations  of  it  ought  to  be 
investigated. 
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5)  The  model  does  not  allow  adaptive  resource  reallocations 
by  either  side.  Attacking  weapons  directed  at  a  target  that  is 
known  to  have  been  destroyed  cannot  be  re-targetted;  and  inter¬ 
ceptors  deployed  at  a  destroyed  target  cannot  be  reassigned 

to  defense  of  a  target  that  is  still  surviving.  For  many  poten¬ 
tial  applications  of  the  model  this  seems  to  be  a  serious  weak¬ 
ness.  It  would  be  extremely  interesting  to  investigate  the  effect 
of  allowing  various  forms  of  adaptive  reassignment  of  attacking 
weapons  and  interceptors.  Representation  of  shoot-look-shoot 
capability  for  the  attacking  side  would  be  particularly  Important. 

6)  Many  discreteness  (l.e.,  non-integrality)  difficulties 
have  been  glossed  over,  especially  in  Chapter  V.  While  in 
some  cases  these  difficulties  are  minor,  in  others  they  may  be 
severe.  Further  work  is  necessary  in  order  to  elucidate  the 
solutions.  An  alternative  approach  worth  pursuing  la  suggested 
by  L.  B.  Anderson  in  "Nationwide  Defense  Against  Nuclear  Weapons; 
Definition  of  Randy-Watch  Deployments"  (Working  Paper  WP-11, 

Project  2371,  Institute  for  Defense  Analyses,  1901). 

7)  Some  physical  effects  that  may  be  of  Interest  in  speci¬ 
fic  applications  either  are  not  represented  explicitly  in  tho 
model  or  are  specifically  assumed  not  to  occur.  Among  such 
effects  are  decoys,  group  attacks,  partial  target  damage, 
collateral  damage,  clock  time,  geography,  undetected  attacking 
weapons  and  possible  re-use  of  interceptors  that  fail  to  engage 
(as  opposed  to  engage,  but  fall  to  destroy)  an  attacking  weapon. 

8)  Applicability  of  the  basic  model  specified  by  (1.1)  and 
(1,2),  or  of  the  variations  thereon  which  we  described  in  Chapter 
VII,  to  specific  combat  situations  has  been  mentioned  only  briefly. 
In  carrying  out  our  research  we  have  thought  of  the  model  as 
appropriate  to  defense  of  (essentially  point)  targets  against 
attacking  missiles.  Possibly  it  is  not  applicable  even  to  this 
situation,  but  possibly  it  is  ap.jlloable  not  only  here  but  also 

to  other  combat  processes.  We  have  endeavored — by  being  explicit 


167 


about  our  underlying  assumptions  and  their  interpretations— to 
give  the  reader  at  least  one  basis  for  Judging  possible  applica¬ 
bility  to  specific  forma  of  combat.  In  any  event,  further  study 
would  be  required  to  establish  applicability  or  credibility  of 
the  model  in  specific  physical  situations. 

9)  The  target  defense  principle  should  be  studied  more 
carefully.  Despite  its  appeal,  we  have  Imposed  it  as  an  assump¬ 
tion;  if  it  could  be  shown  to  be  satisfied  (or  to  be  nearly 
satisfied)  by  solutions  to  problems  of  the  form  (4.24),  the 
grounds  for  it  would  be  much  more  compelling. 
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INDEX  OF  NOTATION 


The  following  is  a  list  of  the  notation  that  appears 
throughout  the  paper;  the  page  number  associated  with  each 
entry  is  that  of  its  first  occurrence.  Additional,  specialized 
notation  is  introduced  in  (and,  in  each  case,  used  only  within) 
Chapters  III,  IV,  V,  VII  and  Appendix  B. 


Notation 


lie  Target  Case 


Notation 

Pace 

Meani no 

d(l) 

23 

Number  of  interceptors  assigned  to  1^^  attacking 
weapon  by  deployment  d 

d«* 

25 

Prim-Read  deployment 

d 

47 

Uniform  deployment 

1(d) 

36 

Interceptor  requirement  for  deployment  d 

p  ( d ,  1 ) 

24 

Probability  that  i^*^  attacking  weapon  destroys 
target,  given  deployment  d 

P(d,l) 

35 

Probability  that  one  of  attacking  weapons  1, 
...,1  destroys  target,  given  deployment  d 

q 

12 

One-on-one  penetration  probability 

p(d) 

24 

Price  of  target  for  deployment  d 

Notation  for  the  Multiple  Target  Case 


Notation 

Paqe 

Meani no 

a(j ) 

55 

Number  of  attacking  weapons  assigned  to 
target  J ,  given  attack  a 

a 

55 

Total  number  of  attacking  weapons  at  all 
targets,  given  attack  a 

d(J,l) 

29 

Numbor  of  Interceptors  assigned  by  deployment 
d  to  i^h  attacking  weapon  at  target  J 
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Notation 

Paqe 

Meani no 

d* 

30 

Prim-Read  deployment 

d 

62 

Proportional  deployment 

1(d) 

31 

Interceptor  requirement  for  deployment  d 

i* 

4 

Number  of  attacking  weapons  needed  to  destroy 
defended  targets 

4 

Number  of  attacking  weapons  needed  to  destroy 
all  targets 

Jq 

80 

Number  of  defended  targets 

k 

30 

Scaling  factor  for  Prim-Read  deployments 

n(J ) 

82 

Ratio  of  value  of  target  J  to  value  of  most 
valuable  undefended  target 

i) 

30 

Probability  that  i  attacking  weapon  at 
target  J  destroys  it,  given  deployment  d 

P(cl,J, 

i) 

■89 

Probability  that  target  J  is  destroyed  by  one 
of  attacking  weapons  l,...,i  at  that  target, 
given  deployment  d 

P 

124 

Initial  reliability  of  attacking  weapons 

P 

128 

Terminal  reliability  of  attacking  weapons 

q 

12 

One-on-one  penetration  probability 

V(d,i) 

55 

Maximum  target  value  that  can  be  destroyed 
by  i  attacking  weapons,  given  deployment  d 

V(d,a) 

59 

Target  value  destroyed,  given  attack  a  and 
interceptor  deployment  d 

v(J) 

29 

Value  of  target  J 

A 

V 

54 

Total  value  of  all  targets 

a 

147 

Scaling  factor  for  Prim-Read  deployments 

p(d,J  ) 

29 

Price  of  target  J ,  given  deployment  d 

P(d) 

54 

Total  of  all  target  prices,  given  deployment  d 
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APPENDIX  A.  EXAMPLES 


EXAMPLES 


In  this  Appendix  we  construct  some  Prim-Read  deployments 
for  defense  of  the  principal  centers  of  population  In  the 
United  States  and  compare  them  with  corresponding  uniform 
deployments. 

Table  A-1  below  lists  (according  to  [20])  the  twenty-nine 
metropolitan  regions  In  the  U.S.  with  populations  greater  than 
one  million.  The  data  were  constructed  from  a  table  of  popula¬ 
tions  of  SMSA's  (Standard  Metropolitan  Statistical  Areas)  but 
SMSA's  that  ere  nearby  to  one  another  have  been  combined.  The 
largest  metropolitan  area  with  population  less  than  one  million 
has  also  been  Included. 

Our  first  example  deals  .with  the  case  where  the  value  of  a 
region  as  a  target  Is  a  function  of  its  population  In  the  manner 
indicated  In  Figure  A-1.  That  Is,  a  region  with  population  p 
has  value  V(p)  given  by 

V(p)  -  1  If  p  <  10^ 

-  8p/10^  If  P  >  10^. 

One  might  employ  such  a  function  on  the  rationale  that  regions 
of  size  less  than  one  million  support  insufficient  heavy  indus¬ 
try  to  be  really  Important  targets;  each  has  the  same  value, 
which  Is  one-eighth  that  of  a  region  of  size  one  million.  The 
value  one-eighth  Is,  of  course,  arbitrary,  but  Is  convenient 

I  for  Illustrative  purposes. 

:  '  1 

1 

1 

A-1 


1 


Table  A-1 .  REGIONS,  POPULATIONS,  VALUES 


Region 

Population  in  Thousands 

Val  ue 

1) 

New  York 

6691 

134 

Z) 

Los  Angeles 

9595 

77 

3) 

Chicago-Mil waukee 

9014 

72 

4) 

Phil adel phia 

6531 

52 

5) 

Detrol t-Tol edo 

5700 

46 

6) 

Baltimore-Washing ton 

4978 

40 

7) 

San  Francisco 

4973 

40 

8) 

Cl evel and 

3279 

26 

9) 

Cincinnati 

3101 

25 

10) 

Boston 

2899 

23 

11) 

St.  Louis 

2410 

19 

12) 

Pittsburgh 

2401 

19 

13) 

Dallas-Ft.  Worth 

2377 

19 

14) 

Buff al o-Rochester 

2310 

18 

15) 

Houston 

1  999 

16 

16) 

MinneapoTis-St.  Paul 

1  965 

16 

17) 

Miami 

1887 

15 

18) 

Atlanta 

1  597 

13 

19) 

Tampa-Orl ando 

1541 

12 

20) 

Seattl e 

1421 

11 

21) 

San  Diego 

1357 

11 

22) 

Ri  chraond-Norfol k 

1274 

10 

23) 

Kansas  City 

1271 

10 

24) 

Hartford-Springf 1  el d 

1261 

10 

Z5) 

Denver 

1237 

10 

26) 

Indi anapol i s 

1109 

9 

27) 

New  Orleans 

1045 

8 

28) 

Columbus 

1017 

8 

29) 

Portland 

1009 

8 

3^ 

Phoenix 

967 

1 

IkjK 


Figure  A-1 . 


TARGET  VALUE  AS  A  FUNCTION  OF 
POPULATION  FOR  EXAMPLE  1 


Application  of  this  function  leads  to  the  target  values 
in  Table  A-1,  each  rounded  to  the  nearest  Integer. 


It  should  be  carefully  noted  that  this  particular  value 


function  has  the  rather  arbitrary  cutoff  at  the  population 
level  of  10  .  This  has  been  done  in  order  to  ensure  that  the 


Prim-Read  deployments  we  construct  below  will  satisfy  the 
target  defense  principle.  In  reality,  of  course,  the  U.S. 
might  be  forced  because  of  limited  interceptor  resources  to 
Implement  a  deployment  that  does  not  satisfy  the  target 
defense  principle.  Some  of  our  theoretical  results  do  not 
apply  to  Prim-Read  deployments  not  satisfying  the  target 
defense  principle,  but  a  Prim-Read  deployment  might  be  chosen 
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nevertheless,  on  the  basis  that  it  is  likely  to  be  nearly 
optimal,  especially  against  an  attack  of  unknown  size.  Finally, 
we  note  that  these  difficulties  are  a  result  of  the  discrete¬ 
ness  of  targets  and  attacking  weapons,  and  do  not  arise  in  the 
idealized  situation  depicted  in  Figure 

Suppose  that  the  U.S.,  as  (if^fendlng  side,  chooses  to  con¬ 
struct  a  Prim-Read  deployment  that  defends  targets  1,  ...,  29 
and  satisfies  the  target  defense  principle.  To  do  so,  accord¬ 
ing  to  the  discussion  in  Sections  B  and  C  of  Chapter  VIII,  it 
will  first  choose  a  scaling  parameter  a  such  that 

1)  a  <  i/v(30)  -  Ij 

2)  otv(J)  is  an  Integer  for  J  -  1,  29. 


Then, 

(A.l) 


it  will  construct  the  Prim-Read  deployment  d*  given  by 
d.(j.ic)  .  -  ]-°l5 

log  q 


for  1  <  J  <29  and  1  <  Ic  1  p(dJ>J)  ■  otv(J),  where  the  values 
v(J)  are  taken  from  Table  A-1. 

Below  we  present  results  for  the  cases  oc  ■  1,  a  ■  1/2 
and  a  ■  1/4;  these  three  cases  appear  as  Tables  A-2,  A-3, 
and  A-4,  respectively.  In  all  cases,  q  "  0.8.  In  each  Table 
we  give  target  prices,  Prim-Read  Interceptor  totals  for  each 
target,  and  target-by-target  interceptor  allocations  if  the 
total  number  of  interceptors  (at  all  targets)  for  the  Prim-Read 
deployment  were  allocated  among  the  initially  defended  targets 
in  direct  proportion  to  their  respective  values.  In  symbols. 


PtdJ-J) 

KdJ.J)  -  E  <l*(J,k) 

k-1 
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Table  A- 2.  RESULTS  FOR  EXAMPLE  1  WHEN  a  -  1 


Target 

Price 

Kd^J) 

K^.J) 

1 

134 

2356 

1648 

2 

77 

1168 

947 

3 

72 

1071 

886 

4 

52 

701 

640 

5 

46 

596 

566 

6 

40 

494 

492 

7 

40 

494 

492 

8 

26 

275 

320 

9 

25 

260 

308 

10 

23 

231 

283 

11 

19 

1  76 

234 

12 

19 

176 

234 

13 

19 

176 

234 

14 

18 

163 

221 

15 

16 

137 

197 

16 

16 

137 

197 

17 

15 

125 

185 

18 

13 

101 

160 

19 

12 

90 

148 

20 

11 

79 

135 

21 

11 

79 

135 

22 

10 

68 

123 

23 

10 

68 

123 

24 

10 

68 

123 

25 

10 

68 

123 

26 

9 

57 

111 

27 

8 

48 

98 

28 

8 

48 

98 

29 

8 

48 

98 

30 

1 

_ 0 

0 

Total s 

778 

9558 

. --g.£i2 _ 

-5 


Table  A-3.  RESULTS  FOR  EXAMPLE  1  WHEN  a  »  0.5 


Target 

Price 

KdJ.J) 

I(d.J) 

1 

67 

977 

635 

2 

38 

461 

360 

3 

36 

429 

341 

4 

26 

275 

246 

5 

23 

231 

218 

6 

20 

190 

190 

7 

20 

1  90 

190 

8 

13 

101 

123 

9 

12 

90 

114 

10 

12 

90 

114 

11 

10 

68 

95 

12 

10 

68 

95 

13 

10 

68 

95 

1'4 

9 

57 

85 

15 

8 

48 

76 

16 

8 

48 

76 

17 

8 

48 

76 

18 

6 

29 

57 

19 

6 

29 

57 

20 

6 

29 

57 

21 

5 

21 

47 

22 

5 

21 

47 

23 

5 

21 

47 

24 

5 

21 

47 

25 

5 

21 

47 

26 

4 

14 

38 

27 

4 

14 

38 

28 

4 

14 

38 

29 

4 

14 

38 

30 

1 

0 

0 

Total s 

390 

3687 

3687 

Target 

Price 

KdJ.J) 

K^J) 

1 

34 

397 

233 

2 

19 

176 

130 

3 

18 

163 

123 

4 

13 

101 

89 

5 

12 

90 

82 

6 

10 

68 

68 

7 

10 

68 

68 

8 

7 

38 

48 

9 

6 

29 

41 

10 

6 

29 

41 

11 

5 

21 

34 

12 

5 

21 

34 

13 

5 

21 

34 

14 

5 

21 

34 

15 

4 

14 

27 

16 

4 

14 

27 

17 

4 

14 

27 

18 

3 

8 

21 

19 

3 

8 

21 

20 

3 

8 

21 

21 

3 

8 

21 

22 

3 

8 

21 

23 

3 

8 

21 

24 

3 

8 

21 

25 

3 

8 

21 

26 

2 

3 

14 

27 

2 

3 

14 

28 

2 

3 

14 

29 

2 

3 

14 

30 

1 

_ 0 

0 

Total s 

200 

1361 

1364 

la  the  number  of  Interceptors  deployed  at  target  J  by  the 
Prlra-Read  deployment  d**  and 


(A. 2)  I(d,J)  -  —  I  I(dJ,m) 

*^0  m-1  ^ 


Is  the  number  of  Interceptors  allotted  to  target  J  by  the 
proportional  deployment  d. 

A  few  explanatory  comments  are  in  order  before  the  Tables 
are  discussed. 

1)  There  are  both  inter-  and  Intra-Table  discrepancies 
arising  from  our  rounding  target  prices  and  Interceptor  allo¬ 
cations  to  be  integers.  For  example,  the  sum  of  target  prices 
for  a  *  1  should  be  twice  that  for  a  -  1/2,  which  in  turn  should 
be  twice  that  for  a  ■  1/4.  Also,  within  Tables  A-2  and  A-4 

we  have 

I  I(d«,J)  I  I(d,J)  , 

J  “  J 

even  though  (A. 2)  implies  that  equality  must  hold  in  principle. 

2)  Except  when  a  -  1,  the  constraint  that  avCj )  be  an 
integer  for  J  »  1,  ...,  29  Is  not  satisfied.  What  we  have 
done,  as  would  be  done  (without  any  significant  harm)  In  any 
practical  situation,  is  to  round  the  values  av(J)  to  the 
nearest  Integer.  (An  alternative  would  be  to  always  round 
to  the  next  higher  integer,  which  would  prevent  the  target 
defense  principle  from  being  violated  simply  because  of 
rounding. ) 
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3)  The  value  q  »  0.8  (recall  that  q  Is  the  one-on-one 
penetration  probability)  Is  possibly  too  high.  Later  we  will 
consider  the  case  q  •  0.2. 

Perhaps  the  most  striking  features  of  Tables  A-2,  A-3  and 
A-4  are  the  significant  but  systematic  differences  between  the 
Prim-Read  deployments  d*  and  the  corresponding  proportional 
allocations  d.  Although  a  theoretical  discussion  of  the  exact 
nature  of  these  differences  Is  deferred  to  Appendix  B,  the 
following  aspects  are  especially  noteworthy. 

1)  The  Prim-Read  deployment  devotes  relatively  more  Inter¬ 
ceptor  resources  to  defense  of  valuable  targets  and  relatively 
fewer  to  defense  of  less  valuable  targets.  For  example,  for 

a  *  1  the  ratio  I(d“ , J )/I(d, J )  ranges  from  1.43  for  J  ■  1  to 

oc 

0.49  when  J  *29. 

2)  As  a  decreases  the  discrepancy  between  d*  and  d 
Increases  so  that,  for  example,  when  a  -  0.25  the  ratios  I(d*,J)/ 
I(d,J)  range  over  the  Interval  [0.21,1. 71] >  as  compared  to 
[0.49,1.43]  when  0*1. 

3)  For  a  fixed  value  of  a,  the  ratio  l(d* ,J )/l(d,J ) 

Is  mouotonlcally  decreasing  as  J  increases. 

4)  The  value  of  J  at  which  the  ratios  I(d* , J )/I(d,J ) 
pass  from  a  greater  than  one  to  less  than  one  is  independent 
of  a. 

To  Illustrate  these  points  in  the  numerical  sense,  we 
present  in  Table  A-5  a  listing  of  ratios  I(d* ,J )/I (d, J )  for  the 
cases  a  »  1,  a  ■  0.5  and  a  “  0.25  treated  above.  The  Table 
fully  confirms  the  four  points  Just  listed. 

As  previously  mentioned,  we  give  in  Appendix  B  theoretical 
statements  of  these  properties  and  mathematical  verifications 
of  those  statements.  Here,  however,  we  wish  to  discuss  some 
heuristic  arguments  for  their  validity. 


Table  A-5.  COMPARISON  OF  PRIM-READ  AND 
PROPORTIONAL  DEPLOYMENTS 


HU 

I(dS,j)/I(d.j) 
for  a  ■  1 

I(d$,j)/I(d',d) 
for  a  -  0.5.  _ 

I(d*.j)/I(d,j) 

_  for  a  ■  0.25 

1 

1 .4296 

1.5385 

1.7039 

2 

1 .2334 

1.2806 

1.3538 

3 

1.2088 

1.2581 

1  .3252 

4 

1.0953 

1.1179 

1.1348 

5 

1 .0530 

1.0596 

1  .0976 

6 

1 .0041 

1 .0000 

1 . 0000 

7 

1.0041 

1.0000 

1.0000 

8 

.8594 

.8211 

.791 1 

9 

.8442 

.  7895 

.7073 

10 

.8163 

.  7895 

.7073 

11 

.7521 

.7158 

.6176 

12 

.7521 

.71  58 

.6176 

13 

.7521 

.71  58 

.6176 

14 

.7376 

.  6706 

.6176 

15 

.6954 

.6184 

.5185 

16 

.6954 

.6184 

.5185 

17 

.6758 

.6184 

.5185 

18 

.6312 

.  5088 

.3810 

19 

.  6081 

.  5088 

.381  0 

20 

.5852 

.5088 

.3810 

21 

.  5852 

.4468 

.3810 

22 

.5528 

.4468 

.3810 

23 

.  5528 

.4468 

.381  0 

24 

.5528 

.4468 

.3810 

25 

.5528 

.4468 

.3810 

26 

.5135 

.3684 

.2143 

CM 

.4898 

.3684 

.2143 

28 

.4898 

.3684 

.2143 

29 

.4898 

.  3684 

.2143 
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Concerning  the  first  (and,  we  believe,  most  important) 
point,  we  believe  that  it  holds  as  a  consequence  of  the  target 
defense  principle  and  of  Theorem  (5.17).  Pareto  optimality  of 
the  Prim-Read  deployment  for  attack  sizes  less  than  or  equal  to 
l*(d*),  which  is  the  content  of  Theorem  (5.17) »  means  that  a 
Prim-Read  deployment  is  effective  at  protecting  against  an 
attack  of  unknown  size  provided  that  the  size  not  exceed 
l*(d*).  The  proportional  deployment  d,  on  the  other  hand,  can 
be  shown  (cf.  Chapter  IV  for  some  related  results)  to-be  optimal 
against  an  attack  of  known  size  l*(d**)  when  attacking  weapons 
are  allocated  among  the  targets  as  shown  in  the  "Price"  columns 
of  Tables  A-2,  A-3  and  A-4,  but  may  not  be  optimal  against 
an  attack  of  smaller  size.  The  Prim-Read  deployment,  however, 
protects  against  precisely  that  possibility  (of  an  attack  of 
size  less  than  l*(d*)),  and  does  so  by  devoting  more  resources 
to  defense  of  the  more  valuable  targets.  That  is,  the  Prim- 
Read  response  to  uncertainty  about  the  size  of  a  potential 
attack  is  to  defend  the  higher  value  targets  more  heavily. 

To  Illustrate  numerlcall-y,  suppose  that  under  the  proper- 

tional  deployment  d,  those  Interceptors  assigned  to  each  target 

J  are  deployed  uniformly  against  the  first  av(,1 )  (-p (d*,  J  ) )  attack- 

ct 

ing  weapons  arriving  there.  That  is, 

d(j,k)  -  »  k«l, . . .  ,av(J  ), 

which  implies  In  particular  that 

p(d,J  )  -  p(dJ,J)  +  1  , 

for  J  ■  1,  ...,  29.  Suppose  that  a  ■  1  (Table  A-2)  and  consider 
an  attack  of  size  a  »  211  (-p(d»,l)  +  p(d*,2)).  Then,  of  course, 

V(d»,a)  -  211, 

while  by  trial  and  error  one  can  show  that 
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(A. 3) 


V(d,a)  >  ^08  . 


Similar,  but  more  pronounced,  results  hold  for  smaller  values 
of  a.  When  a  “  0.5  and  a  ■  105  ("pCd*,!)  +  p(d*,2))  then 

Ql  Cl 

V(dJ,a)  -  105  , 

but 

(A. 4)  V(d,a)  >  211  . 

We  also  emphasize  that  the  bounds  in  (A. 3)  and  (A. 4)  are  far 
from  sharp;  they  were  obtained  simply  by  experimental  calculations. 

The  preceding  results  demonstrate  rather  graphically  the 
extent  to  which  the  Prim-Read  deployment  mitigates  the  undesira¬ 
ble  effects  that  could  otherwise  ensue  when  the  defending  side 
lacks  knowledge  of  the  size  of  an  attack. 

To  make  the  point  once  again,  the  differences  between  Prim- 
Read  and  proportional  deployments  are  consequences  of  the  fact 
that  the  former  protect  effectively  against  a  range  of  attack 
sizes  without  being  optimal  against  any  single  attack  size, 
whereas  the  latter  are  optimal  for  certain  attack  sizes  but 
extremely  inefficient  against  other,  smaller  attack  sizes. 

The  remaining  three  points  will  be  considered  only  briefly. 

We  do  not  have  a  really  good  heuristic  explanation  of  why  the 
discrepancy  between  dj^  and  d  increases  as  a  decreases;  however, 
the  effect  is  not  spurious,  since  we  give  a  mathematical  veri¬ 
fication  in  Appendix  B.  Monotonlcity  of  I(d*, J )/I(d,J )  as  a 
function  of  J  is  not  unexpected  in  view  of  the  discussion  of 
the  first  point.  Finally,  Independence  of  the  ci'oss-over  point 
from  the  value  of  a  is  pleasant  but  seems  to  have  no  clear 
physical  basis. 

To  complete  this  example  we  give  in  Table  A-6  the  results 
corresponding  to  those  in  Table  A-2,  except  that  now  q  •  0.2. 

No  further  comments  are  really  necessary.  Table  A-7  shows 
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Tabid 

A-6.  RESULTS 
q  ■  0.2 

FOR  EXAMPLE 
AND  a  -  1 

WHEN 

' Target 

Price 

I(d.j) 

1 

134 

327 

228 

2 

77 

162 

131 

3 

72 

148 

123 

4 

52 

97 

88 

5 

46 

83 

78 

6 

40 

69 

68 

7 

40 

69 

68 

8 

26 

38 

44 

9 

25 

36 

43 

10 

23 

32 

39 

11 

19 

24 

32 

12 

19 

24 

32 

13 

19 

24 

32 

14 

18 

23 

31 

15 

16 

19 

27 

16 

16 

19 

27 

17 

15 

17 

26 

18 

13 

14 

22 

19 

12 

12 

20 

20 

11 

11 

19 

21 

11 

11 

19 

22 

10 

9 

17 

23 

10 

9 

17 

24 

10 

9 

17 

25 

10 

9 

17 

26 

9 

8 

15 

27 

8 

7 

14 

28 

8 

7 

14 

29 

8 

7 

14 

30 

1 

0 

0 

Totals 

778 

1324 

1322 

A..13 


Table  A-7.  PRIM-READ  INTERCEPTOR  REQUIREMENTS  FOR 
DIFFERING  PENETRATION  PROBABILITIES 


Penetration  Probability  q 

I(cl*)  for  a  “  1 

.95 

41571 

.90 

20238 

.85 

13120 

.80 

9558 

.75 

7412 

.70 

5978 

.60 

4174 

.  50 

3076 

.40 

2327 

.30 

1  771 

.20 

1  324 

.10 

926 

.05 

712 

the  dependence  of  only  the  total  Prim-Read  Interceptor  deployment 

I(d**)  "  I  KdlJjJ)  on  the  penetration  probability  q.  Incidentally, 
a  j 

ae  will  be  shown  in  Appendix  B,  all  the  observations  above  con¬ 
cerning  the  ratios  I(d*,J )/I(d,J )  are  entirely  Independent  of 
the  value  of  q.  However,  Kd*)  does  depend  on  q  as  Illustrated 
in  the  Table. 

Table  A-7  shows  that  once  interceptors  are  sufficiently 
effective  that  q  <  .6,  there  is  relatively  less  payoff  from 
further  Improvements  in  effectiveness.  However,  if  q  la  as 
high  as  .9,  then  It  seems  wise  to  pursue  Improvements  in  the 
Interceptors.  Of  course  In  reality  any  such  decision  must  be 
made  In  light  of  the  costs  of  various  alternative  choices. 

In  our  second  example,  which  we  present  much  more  briefly 
than  the  preceding  example,  we  assume  that  target  value  as  a 
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function  of  population  Is  given  by  the  function  depicted  In 
Figure  A-2.  Symbolically,  we  have 


V(p)  -  1 


If  p  <  10^ 
if  p  >  10^ 


The  essential  difference  between  the  function  and  that  used  In 
the  first  example  is  that  this  one  is  quadratic,  whereas  that 
of  Example  1  Is  linear. 


Figure  A-2.  TARGET  VALUE  AS  A  FUNCTION  OF 
POPULATION  FOR  EXAMPLE  2 
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From  this  definition  of  the  value  function  one  obtains 
the  target  values  listed  in  Table  A-8. 


Table  A-8. 

TARGET 

VALUES  FOR  EXAMPLE 

2 

Target 

Val  ue 

Target 

Val  ue 

r 

279 

16 

4 

2 

92 

17 

4 

3 

81 

18 

3 

4 

43 

1  9 

2 

5 

33 

20 

2 

6 

25 

21 

2 

7 

25 

22 

2 

8 

11 

23 

2 

9 

10 

24 

2 

10 

8 

25 

2 

11 

6 

26 

1 

12 

6 

27 

1 

13 

6 

28 

1 

14 

5 

29 

1 

15 

4 

30 

1 

Given  the  target  values  listed  in  Table  A-8,  the  only  Prim- 
Read  deployment  defending  targets  1,  29  and  satisfying  the 

target  defense  principle  is  that  corresponding  to  a  -  1  In 
the  expression  (A.l).  In  Table  A-9  we  present  this  Prim-Read 
deployment.  For  the  sake  of  comparability  with  Table  A-2,  we 
continue  to  use  q  -  0.8  as  the  value  of  the  one-on-one  penetration 
probability.  In  view  of  our  extended  discussion  of  Example  1 
we  do  not  feel  that  further  comments  are  really  required  at  this 
point.  Observe,  however,  that  In  order  to  satisfy  the  target 
defense  principle,  targets  26,  27,  28  and  29  must  also  be  left 
undefended. 
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1 

279 

5805 

4376 

2 

92 

1466 

1443 

3 

81 

1246 

1270 

4 

43 

545 

674 

5 

33 

381 

518 

6 

25 

260 

392 

7 

25 

260 

392 

8 

11 

79 

173 

9 

10 

68 

157 

10 

8 

48 

125 

11 

6 

29 

94 

12 

6 

29 

94 

13 

6 

29 

94 

14 

5 

21 

78 

15 

4 

14 

63 

16 

4 

14 

63 

17 

4 

14 

63 

18 

3 

8 

47 

19 

2 

3 

31 

20 

2 

3 

31 

21 

2 

3 

31 

22 

2 

3 

31 

23 

2 

3 

31 

24 

2 

3 

31 

25 

2 

3 

31 

26 

1 

0 

0 

27 

1 

0 

0 

28 

1 

0 

0 

29 

1 

0 

0 

Target 

Price 

KdJ.j) 

I(d.j) 

1 

279 

1870 

14T1 

2 

92 

472 

465 

3 

81 

401 

410 

4 

43 

175 

217 

5 

33 

123 

167 

6 

25 

84 

126 

7 

25 

84 

126 

8 

11 

25 

56 

9 

10 

22 

51 

10 

8 

15 

40 

n 

6 

10 

30 

12 

6 

10 

30 

13 

"  6 

10 

30 

14 

5 

7 

25 

15 

4 

5 

20 

16 

4 

5 

20 

17 

4 

5 

20 

18 

3 

1 

15 

19 

2 

1 

10 

20 

2 

1 

10 

21 

2 

1 

10 

22 

2 

1 

10 

23 

2 

1 

10 

24 

2 

1 

10 

25 

2 

1 

10 

26 

1 

0 

0 

27 

1 

0 

0 

28 

1 

0 

0 

29 

1 

0 

0 

30 

1 

0 

0 

Totals 

664 

3333 

3329 

APPENDIX  B.  COMPARISON  OF  PRIM-READ  AND 
PROPORTIONAL  DEPLOYMENTS 


COMPARISON  OF  PRIM-READ  AND  PROPORTIONAL  DEPLOYMENTS 


This  Appendix  contains  mathematical  formulations  and  veri¬ 
fications  of  various  relationships  between  Prim-R.ja‘’  deploy¬ 
ments  and  corresponding  proportional  deployments.  Most  of 
these  relationships  were  observed  and  commented  upon  In  the 
discussion  In  Appendix  A  of  the  numerical  results  appearing  In. 
Tables  A-2,  A-3,  and  A-4 . 

To  set  the  stage  for  the  results  in  this  Appendix,  let  d* 
denote  by  Prim-Read  deployment  with  scaling  factor  a,  given 
by 


(B.l)  dj(,1,k) 


log  (av(.1  )-k'4-l) 
log  q  * 


J  ■  1,..»,Jq  > 
k  »  1, . . . ,ov(J )  , 


where  Jq  Is  the  number  of  Initially  defended  targets  and  oi  Is 
chosen  so  that  the  target  defense  principle  is  satisfied  and 
so  that  av(J)  Is  (or  is  taken  to  be)  an  Integer  for  each 
J«1,...,Jq.  The  total  Interceptor  requirement  at  target  J  la 


(B.2)  • 

Denote  by  d^  any  deployment  that  allocates  the  total  Prim-Read 
Interceptor  requirement,  namely, 

^r^logav(J)l  , 

among  the  targets  1,...,Jq  in  direct  proportion  to  their  respec¬ 
tive  values.  That  Is, 


tl 


(B.3) 


vC.1) 

S  v(lc) 
k-1 


KdJ) 


Jq 

Z  log  av(k) 

-  v(i)  is::! _ 


-  log  q 


I  v(k) 
k-1 


for  It  is  not  relevant  to  the  results  below 

precisely  how  interceptors  assigned  to  each  target  are  allo¬ 
cated  among  potential  incoming  weapons  there.  In  order  to  com- 
pare  the  deployments  d*  and  d^,  we  Introduce  the  ratios  r(J,a) 
given  by 


r(J .a) 


I(d»J) 

(B.4)  r(J»oi)  ■  — - - 

Kd^J) 

^0 

Z  v(k) 

.  k-1  log  av(.1 )  I 

Z  log  av(k) 1 
k-1 

whose  behavior,  as  functions  of  both  J  and  a,  we  will  analyze 
in  this  Appendix,  We  observe,  incidentally,  that  these  ratios 
are  Independent  of  the  one-to-one  penetration  probability  q, 
so  that  our  results  are  valid  for  all  values  of  q. 

By  way  of  motivation  we  recall  the  following  cmpiriaal 
properties  of  these  ratios  r(J,a),  as  observed  in  the  various 
Tables  in  Appendix  A: 
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1)  With  a  fixed,  r(J,a)  appears  to  be  decreasing  as  J 
increases  (l.e.,  as  target  value  decreases),  with  r(J,a)>l  for 
high  value  targets  (low  J)  and  r(J,a)<l  for  low  value  targets 
(high  J). 

2)  As  a  decreases,  r(J,a)  increases  and  deviates  farther 
from  1  provided  that  J  be  a  high  value  target  and  decreases, 
but  still  deviates  farther  from  1,  when  J  corresponds  to  a  low 
value  target. 

3)  The  value  of  J  for  which 

r(J  ,a)  >  1  >  r(J+l,a) 

(i.e.,  at  which  the  decreasing  ratios  r(J  ,oi)  pass  from  greater 
than  one  to  less  than  one)  appears  to  be  nearly  Independent 
of  a. 

The  principal  results  of  this  Appendix,  which  we  now  pro¬ 
ceed  to  develop,  are  confirmations  of  the  observed  behaviors 
noted  above.  We  first  verify  monotonicity  of  the  ratios 
r(J,a)  in  J  with  a  fixed. 

(B.5)  THEOREM.  Assume  that  v(l)>  ...  >  'v(Jq)  and  let  r(J,a) 
be  given  by  (B.4).  Then  for  each  fixed  value  of  a, 

(B.6)  r(l,a)  >  r(2,a)  >...>  r(jQ,o{). 

PROOF.  To  show  that  r(l,a)>r(2,a)  it  suffices  by  virtue  of 
(B.4)  to  show  that 


log  av(l) ! 

Qiv'(n 


log  av(2 ) ! 


and  this  expression  holds  by  induction  provided  that 


(B.7) 


lOK^(a-tl)  1  ^  log  Ji,l 


for  each  Integer  i  >  2.  To  obtain  (B.7)  we  proceed  as  follows: 


l3S(Jt-H)  I  lopt  Z  ,  f.  lOKd+l)  I  -  (il+l)log  Zl 
"  Jl+1  “A  Au+l) 

aClog(g,+l)  +  log  Jl!l  -  log  ill  -  loff  ill 

dU+i) 

-  ^  lOK(i+l)  -  log  g.1 
i(z+i) 

m  1  i 

“TTZ+U  Z  [log(Jl+l)  -  log  k] 
k-1 

>  0  .  . 

This  completes  the  proof  of  the  Theorem.  0 

We  note  that  If  we  assume  only  that  v(l)_>v(2)^. .  ._>v(Jq)  , 
then  the  conclusion  (B.6)  of  Theorem  (B.5)  must  be  weakened  cor¬ 
respondingly,  and  becomes 

r(l,a)  ^  r(2,a)  ^. .  .  >  r(jQ,a)  , 

where  the ■inequality  is  strict  whenever  v(J)  >  v(J+i)  . 

The  next  result  is  not  direct  confirmation  of  any  of  the 
properties  listed  above,  but  will  be  used  in  the  process  of 
confirming  the  second  property,  and  is  also  of  some  Independent 
interest . 

(B.3)  PROPOSITION.  For  each  j”l,...,J,  we  have 
(B.9)  lim  r(J ,a)  ■  1 

PROOF.  We  recall  Stirling's  approximation  [16,  p.  19^] 

as  n-*-®,  and  substitute  into  each  factorial 
obtain 


term  in  (B.4)  to 


1/2 


. 


•JQ 

Z  v(k) 

r(J,a)  - 

v(J)  *^0 


logCaTT)^^^  +  (ctvC.I  )+l/2)  log  av(.1)  -  av(.1) 

Jn 


Z  Clog(2Tr)^'^^  +  (av(lc)+l/2)  log  av(k)  -  av(k; 
:-l 


Jq 

Z  v(k) 


k-1 


v(J) 


(av(.1)  +  1/2)  log  av(.1)  -  qv(.1  ) 

Jq 


Z  C(av(k)+l/2)  log  av(k)  -  av(k)] 
k-1 


-^0 

Z  v(k) 


k-1 


v(J) 


“"O''  -  ^  ^ 


Jq 

2  v(k) 


v(J  ) 


.lS,a.,,0LYiiL)- 


s  m  iQg  av(k) 


k-1 


V 


J, 


2  v(k) 
k-1 

v'( J )  J, 


0 

^  log  av(k) 

4/'*''  Ioi”)7T 


since 


Jq 

1  VI 
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One  interpretation  of  Proposition  (B.8)  is  that  for 
large  values  of  a,  the  Prim-Read  deployment  d*  and  the  propor¬ 
tional  deployment  d^  do  not  differ  greatly,  at  least  in  the 
relative  sense  as  described  by  the  ratios  r(J,Qt). 

We  can  now  confirm  the  second  observed  property  of  the 
ratios  r(J,a);  in  fact,  we  shall  prove  more. 

(B.IO)  THEOREM.  Assume  that  v(1)>v(Jq).  Then, 

a)  For  all  sufficiently  amall  J  (l.e.,  for  all  targets 
of  sufficiently  high  value),  r(J,a)  is  a  strictly  deai'aaaing 
function  of  a,  and  therefore  r(J  ,ct)  >  1  for  all  ot. 

b)  For  all  sufficiently  lavge  J  (l.e.,  for  all  initially 
defended  targets  of  sufficiently  low  value),  r(J,a)  is  a 
strictly  inov&aaing  function  of  cx,  and  therefore  r(J,a)  <  1 
all  of  a. 

PROOF.  We  begin  by  noting  that  the  second  part  of  each  con¬ 
clusion  follows  from  the  first  part  together  with  (B.9).  For 
example,  in  a),  if  a-^r(J,a)  is  decreasing  as  a  increases  and 
(B.9)  holds,  then  r(J,a)  >  1  for  all  a.  The  first  parts  of  the 
two  statements  are  proved  using  arguments  that  are  essentially 
identical  in  pattern,  so  we  can  prove  both  parts  simultaneously. 

Monotonlclty  of  ci-*-r(J,a)  is  equivalent  to  monotonlclty 
in  the  same  direction  of  a-*-g(J  ,a)  ,  where 

.  log  r(cyU)n)  . 

^0 

z  log  r(ctv(j)+i) 

k-1 

and  where  F  is  Euler’s  gamma  function  given  by 

00 

r(x)  -  /  t^“^  e"^  dt, 

0 
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which  has  the  property  that 


r(n+l)  -  nl 

for  each  Integer  n  i  0.  Moreover,  monotonlclty  of  a-^g(J,a)  Is 
equivalent  to  monotonlclty  In  the  opposite  direction  of 
^■♦■hCJia),  where 


(B.ll) 


If  we  define 


f(J,x)  ■  log  r(xv(J)+l), 

then  X-*-  f(J,x)  Is  convex  by  [16,  Theorem  8.18]  and  it  follows 
from  (B.ll)  that 


(B.12) 


h(J,a)  -  I 


f(J,a) 


Prom  (B.12)  and  convexity  of  f(;J,«)  the  following  conclusions 
are  Immediate: 

1)  a-^h(l,a)  Is  strictly  increasing  since  each  of  the 
ratios  a-^f ( l,av(k:)/v(J  )  )/f  (l,a)  Is  nondecreasing  (by  convexity 
of  f(l,  •)  and  the  fact  that  v(k)/v(l)  _<  1)  and  at  least  one 
of  these  ratios  is  strictly  Increasing. 

2)  a-^h(jQ,a)  Is  strictly  decreasing  by  an  Inversion  of  the 
argument  Just  used. 

3)  If  a-^h(J,a)  Is  strictly  Increasing,  so  Is  a-^h(J-l,a), 
whereas,  If  a-*h(J,a)  Is  strictly  decreasing,  then  the  same  Is 
true  of  a-*-h(J+l,a) . 

,1 
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The  Theorem  follovrs  at  once  from  these  statements.  [] 

Theorem  (B.IO)  confirms  that  as  ot  decreases,  the  deviation 
between  the  Prim-Read  deployment  d^  and  the  proportional 
deployment  d^  increases,  at  least  for  all  the  highest  value 
targets  and  all  the  lowest  value  targets.  For  numerical  evi¬ 
dence  we  refer  the  reader  to  Table  A-5  in  Appendix  A. 

Our  final  result  establishes  that  the  cross-over  point 
for  the  ratios  r(J,a)  (from  greater  than  one  to  less  than  one) 
is  the  same  for  all  a.  Table  A-5  suggests  that  this  might  be 
so,  but  falls  to  illustrate  the  property  precisely  because  of 
rounding. 

(B.13)  THEOREM.  Ass'ume  that  v(l) >v(2 ) > . . .  >v( J ^ ) .  Then 
there  exists  an  integer  such  that 

(B.lii)  r(J»,a)  >  1  >  rCjt^+l.a) 

for  all  a. 

We  emphasize  that  both  inequalities  in  (B.l4)  are  strict. 
PROOF.  For  each  a,  let  be  the  unique  Integer  such  that 

rCJojjOi)  ^  1  >  r(J^+l,a)  i 

existence  is  clear  and  uniqueness  follows  from  Theorem  (B.5). 
Since  a-^r(J,a)  is  a  continuous  function  for  each  J  it  follows 
that  the  is  continuous  at  every  point  Oq  for  which 

r(J^,a)  >  1  >  r(Jj^+l,a)  . 

Therefore,  if  r(J,a)  ^  1  for  all  J  and  all  a,  then  the  function 
is  everywhere  continuous  and  integer-valued  and,  conse¬ 
quently,  must  be  constant,  which  suffices  to  demonstrate  (B.14). 

Thus,  it  remains  only  to  prove  that 

(B.15)  r(J,a)  ^  1 

for  all  J  and  a.  If,  on  the  contrary,  (B.l5)  fails  for  some 
J  and  a,  then  by  (B.4)  we  have  that 
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(B.16) 


n 


0i:(  O 


y-U)  -  J 
Iq  ^0 


log  av(.'l )  1 


Z  v(k)  Z  log  av(lc)! 
lc-1  k-1 

That  l8*  since  r(n+l)  ■  nl  for  each  Integer  n,  (B.16)  Implies 
that 


1  °  1 
THT  ■  rog  ftav( 


Consider  now  the  functions 


I  log  r(av(k)+l) 
k«»l 


Then, 


f^Ca)  -  log  r(av(J)+l)  I  vXk) 
^  k-1 


fjCo)  ■  v(J)  I  log  r(av(k)+l)  . 
^  k-1 


f::(a)  -  v(J  )i|»(av(J  )+l)  I  v(k) 
^  k-1 


fXCa)  -  v(J)  I  v(k)t|;(av(k)+l) 
k-1 

where  ip(x)  -  ^  log  r(x).  Suppose  that  f£(a)  were  equal  to 
f2(Qi)  for  some  aj  this  would  imply  that 


(B.17)  iJ/(av(J)+l)  - 


1 -  ^ 

•'0  k-1 

Z  v(k) 

k-1 


v(k)4i(av(k)+l)  . 


However,  (B.17)  violates  strict  convexity  of  the  function 
X  -►  4)(ax+l).  Therefore  (once  more  with  the  v(k)  fixed),  we 
have  f£(a)  ^  f^Ca)  for  all  a,  which  implies  that  either  f£(a)  > 
f^Ca)  for  all  a  or  f£(a)  <  f^Coi)  for  all  a,  since  these  functions 
are  continuous.  Finally,  since  fj^(O)  ■  f2(0)  it  follows  that  f^ 
and  fg  can  be  equal  for  no  other  value  of  a,  which  completes  the 
proof  of  the  Theorem.  |] 
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